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This paper considers the application of model reduction methods, which are popular for
linear systems, to systems with local non-linearities, modeled using finite element analysis.
In particular these methods are demonstrated by obtaining the receptance of a discrete and
a continuous system with cubic stiffening discrete springs, using the harmonic balance
method. Time simulation, using the reduced model, is also demonstrated by computing the
Poincaré map of a pinned–pinned beam with backlash. The methods provide satisfactory
results providing sufficient degrees of freedom are retained in the reduced model and these
retained degrees of freedom are chosen with some care.

1. INTRODUCTION

The analysis of non-linear models with a large number of degrees of freedom (dof) requires
considerable computational effort and therefore models of non-linear systems are generally
restricted to a low number of dof. In structural dynamics finite element analysis is often
used to obtain accurate discretised models of continuous systems, usually with hundreds
if not thousands of dof. If a non-linear component, for example a joint or a crack, is added
to the finite element model, then the calculation of the system response will require
considerable computation. Non-linearities in these large models are often local in the sense
that the forces in the non-linear components may be determined by a small number of dof.
This paper will reduce the number of dof in the model, whilst retaining those co-ordinates
that are important to specify the non-linearity, and thus speed up the computation. Leung
[1] analysed geometrically non-linear frames using the incremental harmonic balance
method by retaining a small number of modes of the linear system.

One important application is the effect of cracks in beams and shafts on the system
dynamics. There is considerable interest in predicting the response of failed shafts and also
detecting the presence of a crack. The usual model represents the crack as piece wise linear
and switches between two stiffness matrices depending on whether the crack is open or
closed. Dimarogonas and Papadopoulos [2] suggested a crack compliance matrix to couple
the two shaft sections. The response of such systems have been predicted by numerous
researchers and have been summarised by Changhe et al. [3].
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In linear systems substructuring has been used to replace the solution of a large
eigenproblem with the solutions of several smaller eigenproblems. Substructuring methods
have been used to some extent in non-linear analysis. Wu and Haug [4] use linear
substructures to incorporate geometric non-linear effects. Sheu et al. [5] use substructuring
to obtain the time response of two-dimensional non-linear problems, in particular domes
and shells. Substructuring methods have considerable potential in the analysis of systems
with local non-linearities although the number of degrees of freedom in the linear parts
of the model will have to be reduced. The methods introduced in this paper may be applied
to the substructures to obtain smaller models.

2. USING MODEL REDUCTION FOR NON-LINEAR EQUATIONS

To obtain the receptance for a structure modeled with a large number of dof requires
the solution of a large number of non-linear differential equations. If a structure has only
local non-linearities then it is possible to restrict the number of non-linear equations that
need to be solved and obtain the receptance for the generalised co-ordinates from the
reduced transformation.

Suppose the ordinary differential equation for the non-linear structure may be written
in terms of the n degrees of freedom x as

Mẍ+Cẋ+Kx+DN(x)=Bf(t) (1)

where M, C and K are the usual mass, damping and stiffness matrices, f is the applied force
and N contains the non-linear terms. The matrices D and B distribute the non-linear terms
and the applied force to the correct equations. These matrices are not strictly necessary
but their inclusion means that the non-linear force vector, N, and the forcing vector, f,
have smaller dimensions. If the non-linearity is local then it may be written in terms of
a limited number of the generalised co-ordinates. Let

N(x)=N(q1, q2, . . . , qp) (2)

where the qi are linear combinations of the elements of x, so that for some vector ai

qi = aT
i x, for i=1, . . . , p. (3)

The number of these co-ordinates, p, should be as small as possible, in which case the ai

vectors should be linearly independent. Should these vectors be linearly dependent then
the value of p should be reduced. We now choose another (n− p) vectors, called ai for
i= p+1, . . . , n, that are linearly independent of the ai vectors, i=1, . . . , p. We may then
form a non-singular transformation matrix given by,
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, or inverting x=Tq. (4)

The form of these extra vectors is arbitrary although they should be chosen to make
the inversion to obtain the transformation matrix, T, well conditioned. A good approach
is to generate these extra vectors to be orthogonal to the original p vectors and also
orthogonal to each other.

Applying the transformation given in equation (4) to equation (1) gives

TTMTq̈+TTCTq̇+TTKTq+TTDN(q1, q2, . . . , qp )=TTBf(t) (5)
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or writing the transformed matrices and vectors with an overbar

M� q̈+C� q̇+K�q+D�N(q1, q2, . . . , qp )=B�f(t). (6)

We have now transformed the differential equation into co-ordinates which require the
least number of them to define the non-linearity. The equations have also been reordered
so that the co-ordinates required to obtain the non-linear force terms occur first. Although
this transformation is not strictly necessary it ensures that the dof required to calculate
the non-linear force are included in the reduced set of co-ordinates. Retaining the correct
dof is very important, as will be demonstrated later.

The next step is to reduce the order of the model using a reduction transformation from
the linear part of the model. The transformation is in the form

q=6qm

qs7=TRqm (7)

where the subscripts m and s denote the master co-ordinates (to be retained) and slave
co-ordinates (to be discarded) and TR is a transformation matrix of size (n, r), the form
of which will be discussed next. Applying this transformation to equation (6), and
premultiplying by the transpose of the transformation matrix, produces a set of r equations
in the r generalised co-ordinates qm .

3. THE MODEL REDUCTION TECHNIQUES

Four model reduction techniques that are used widely to reduce the number of dof in
linear systems will now be described briefly. It is assumed that the number of reduced dof
is greater than the number of dof required to calculate the non-linearity, p. All the methods
produce a reduced model that approximates the full model at the lower excitation
frequencies. The methods that apply the transformations once require that the number of
reduced dof is greater than the number of resonances of interest.

3.1.    

This is the simplest reduction method [6]. Neglecting the inertia of the slave dof makes
the transformation TR of equation (7) equal to Ts , where Ts is defined by

Ts =$ I
−K�−1

ss K� sm%. (8)

Note that any frequency response functions generated by the reduced model are only exact
at zero frequency. As the excitation frequency increases the neglected inertia terms become
more significant. Automatic methods to choose the master dofs (for example, the method
of Henshell and Ong [7]) may be used providing the co-ordinates required to specify the
non-linearity are retained.

3.2.  

Guyan reduction may be modified to reproduce the exact response of the structure at
any frequency, although choosing the frequency for the exact response is not obvious. Paz
[8] used this method in an iterative algorithm to save computational effort in calculating
the eigensystem of a structure. The transformation TR of equation (7) is equal to Td where
Td is given by

Td =$ I
−(K� ss −v2

0M� ss )−1(K� sm −v2
0M� sm )%. (9)
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Notice that if this shift frequency, v0, is zero then this method is equivalent to static
reduction. In the receptance calculations the excitation frequency may be chosen as v0.
With dynamic reduction based on the excitation frequency the number of reduced dof
required depends on the number of co-ordinates required to calculate the non-linear force,
that is p.

3.3.    ()
O’Callahan [9] introduced this improvement on static reduction. The method provides

a perturbation to the transformation from the static case by including the inertia terms
as pseudo static forces. The transformation, Ti , used to generate the slave co-ordinates
from the master co-ordinates is given by

Ti =Ts +SM� TsM� −1
R K�R (10)

where

S=$00 0

K�−1
ss %

and M� R and K�R are the reduced mass and stiffness matrices obtained from static reduction.

3.4.      ()
This reduction [10] uses the computed eigenvectors to produce the transformation

between the master and slave co-ordinates. The analytical eigenvectors F are partitioned
into the master and slave co-ordinates. When the number of master co-ordinates are
greater than the number of modes then

Tu =$Fm

Fs%F+
m where F+

m =(FT
mFm )−1FT

m (11)

and Fm and Fs are the parts of the analytical eigenvectors associated with the master and
slave co-ordinates respectively. Using this method the reduced model will exactly
reproduce the lower natural frequencies of the full linear model.

4. USING THE REDUCED MODEL TO CALCULATE THE RECEPTANCE

The receptance will be calculated using the harmonic balance method. Assume that the
response of each dof will be at the excitation frequency only, although not necessarily in
phase with the force or with the response of any other dof. Other more accurate methods
are available to estimate the structure’s receptance, although this form of the harmonic
balance method will serve our purpose here to look at the inaccuracies introduced by the
model reduction. Near resonance the errors introduced by only considering the
fundamental frequency are small. Friswell and Penny [11] showed that, for a single dof
system with a cubic non-linearity, the error in jump frequency is at most 0.3% and the
error in the magnitude just before the jump is at most 2% for a large range of forcing
magnitudes and damping values.

Tamura et al. [12] and Tsuda et al. [13] assume the response may be written as a
truncated Fourier series and calculated the coefficients of this series. Lau and Cheung [14],
Ferri [15], Leung [1] and Cheung and Iu [16] consider an incremental harmonic balance
method that is equivalent to the standard method but in some circumstances may converge
faster [15]. Budak and O� zgüven [17] consider an approximate iterative method to calculate
the receptance of structures with symmetrical non-linearities.
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Figure 1. The discrete 10 dof example.

The approximate response at the excitation frequency is obtained by neglecting terms
that are harmonics of the excitation frequency. For a sdof system this produces a cubic
polynomial for the response magnitude [11, 18]. For a mdof case each dof, xi , is written as

xi =Ai cos vt+Bi sin vt (12)

for some constants Ai and Bi . Substituting these expressions for the system response into
the equations of motion for a cubic stiffening non-linearity gives a set of simultaneous
cubic polynomials in the constant Ai and Bi . These non-linear simultaneous equations may
be solved using the Newton Raphson method with the initial values taken to be the
parameters from the previous frequency. Using this choice of initial values simulates an
experiment where the excitation frequency is either swept up or down.

5. THE RECEPTANCE OF A DISCRETE MASS–SPRING SYSTEM

Figure 1 shows a 10 dof system comprising discrete masses, springs and dampers. Only
one spring, the one between the third and sixth masses, is assumed to be non-linear with
a cubic stiffening non-linearity. Thus the non-linear function N(x)=N(q1), where q1 is the
extension in the cubic stiffening spring, a scalar function of a single variable. The system
is assumed to be forced at the first mass and we wish to estimate the point receptance at
this mass using a stepped sine excitation which increases in frequency. We will consider
the first three resonances and look for jumps in the response.

Figure 2. Point receptance for the discrete example using static reduction. ——, Full model; –––, static
reduction.
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T 1

Resonance or jump frequencies for different reduction techniques 10 dof discrete example,
frequencies in rad/s

Static Dynamic
Resonance Full model reduction reduction IRS SEREP SEREP
number 10 dof 5 dof 5 dof 5 dof 5 dof 3 dof

1 9.1 9.3 9.1 9.1 9.1 9.1
2 19.2 20.4 19.2 19.2 19.2 19.2
3 28.0 31.6 28.0 29.0 28.3 29.5

Figure 2 shows the point receptance of the first mass for the example system using
the full model and a forcing magnitude of 5N. Table 1 shows the values of the first
three jump frequencies in this case. Figures 2 to 4 show the equivalent point receptances
when the model is reduced to 5 dof using static, IRS, and SEREP reduction respectively
and are compared with the receptance produced by the full model. The reduced dof
are essentially the response of masses 1, 3, 6, 8 and 10. The receptance was also
calculated using dynamic reduction to 5 dof at every excitation frequency and the
resulting receptance was indistinguishable from that produced by the full model. Table 1
shows the first three estimated resonance or jump frequencies for these reduction
techniques. Note that there is no jump at the first resonance, but jumps do occur at the
second and third resonances with the level of forcing applied. The results follow the trend
in linear systems [19] in that the SEREP is more accurate than the IRS which is more
accurate than static reduction. All methods model the first resonance accurately and all
the methods except static reduction model the second resonance reasonably accurately.
The number of reduced dof should be chosen carefully and should be at least three times
the number of resonances of interest. Reducing the number of dof to three (the response
at masses 1, 3 and 6), using the SEREP, produces the receptance shown in Fig. 5.
Table 1 shows the corresponding resonance and jump frequencies. With such a limited
number of dof it is hardly surprising that the results for the three modes are considerably
worst.

Figure 3. Point receptance for the discrete example using an IRS model. ——, Full model; –––, IRS model.
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Figure 4. Point receptance for the discrete example using a SEREP model. ——, Full model; –––, SEREP
model.

Figure 6 shows the effect of not applying a transformation given by equation (4). The
discrete system shown in Fig. 1 is reduced to 5 dof using dynamic reduction at every
excitation frequency. The dof chosen for the reduced model are the response of the masses
2, 4, 5, 8 and 9. These dof are not used to specify the non-linear force, nor are they the
assumed excitation and measurement location dof. This example shows that the choice of
the reduced dof is critical.

6. THE RECEPTANCE OF A CANTILEVER BEAM SYSTEM

Figure 7 shows the example of two cantilevers whose free ends are joined by a discrete
linear and cubic stiffening spring and also by a damper. Each cantilever is discretised into

Figure 5. Point receptance for the discrete example using a SEREP model with 3 dof. ——, Full model;
–––, SEREP model.
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Figure 6. Point receptance for the discrete example using a poor choice of reduced dofs. ——, Good selection;
–––, poor reception.

six elements, giving 12 dof per beam, or 24 altogether. The structure is assumed to be
forced at dof 7 and the response measured at dof 17, as marked on Fig. 7. The system
is excited with a sinusoidal force of 250 N around the second resonance at approximately
264 rad/s. Note that the second linear natural frequency is approximately 248 rad/s.
Figure 8 shows the receptance of the full model during an upward frequency sweep between
230 rad/s and 300 rad/s. Also shown are the effects of using the reduced models described
earlier with only 4 dof, namely the linear and rotational differences at the cantilever ends
and the excitation and measurement degrees of freedom. The results for this finite element
model example show similar trends to the discrete example discussed in detail earlier.

7. A POINCARE� MAP OF A PINNED BEAM SYSTEM

Figure 9 shows a beam that is pinned at both ends and is forced at its centre. Backlash,
or clearance, is modeled in the system by including stiff springs at the mid point with a
clearance of 0.005 m. Lin and Ewins [20] considered the equivalent 1 dof case of this
example in depth and also considered a 2 dof discrete example. This model also has

Figure 7. The cantilever beam example (24 dof).
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Figure 8. The receptance near the second resonance for the beam example. ——, Full model; –––, static
reduction; —·—, IRS model; —··—, SEREP model.

applications in the analysis of rotor systems and has been used to model subharmonic
response of a rotor [21]. Similar models may be used to simulate the dynamics of cracked
beams or shafts. The system shown has the excitation and the non-linear stops at the same
location. This is not a constraint of the method but it does mean the model may be reduced
to a sdof easily. The beam is modeled with eight beam elements giving 16 dof. The
symmetry in the model implies that the even modes of the beam will not be excited. The
time response of the model is calculated using a Runge–Kutta fourth order integration
scheme with a step length varied to given a uniform solution accuracy.

Figure 10 shows the Poincaré map of this system, excited at 40 Hz, calculated using the
full set of 16 dof. The section considered has the displacement at the forcing location along
the x-axis and the corresponding velocity on the y-axis. The map shows a fuzzy collection
of points which is typical of high order chaotic systems. The strange attractor must be
viewed in the full 32-dimensional phase space to fully appreciate the implicit order in the
system. Reducing the model of the beam to 7 dof, namely the translation dof, using the

Figure 9. The pinned beam example (16 dof).
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Figure 10. Poincaré map for the pinned beam with 16 dof (20 000 points).

SEREP produces the Poincaré map shown in Fig. 11. This is very similar to Fig. 10 for
the full system and implies that this reduced system could replace the full system with only
a limited loss of accuracy.

Reducing the number of dof to three equally spaced translation co-ordinates using the
SEREP changes the character of the dynamics to a periodic motion with period three times
that of the excitation, shown in Fig. 12. Obviously the model has been reduced too far
and the character of the resulting dynamics has changed. Initially the dynamics look
chaotic but settles into the period three orbit after a time which is dependent on the
accuracy of the solution. The smaller the accuracy tolerance the faster the periodic motion
begins. The dynamics of the system is close to the boundary between chaotic and periodic

Figure 11. Poincaré map for the pinned beam reduced to 7 dof (20 000 points).
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Figure 12. Poincaré map for the pinned beam reduced to 3 dof (periodic response).

motion and small changes, due to the model reduction or errors in the numerical
integration, can force the dynamics over this boundary. Finally if the model is reduced
to a sdof using the SEREP the Poincaré map shown in Fig. 13 is obtained. Since the phase
space now has dimension two we can view the whole space. The character of the attractor
is completely different to those found with a higher number of dof.

8. CONCLUSIONS

This paper has considered the application of model reduction techniques for linear
systems to structures with non-linear components. Generally the trends in the accuracy of

Figure 13. Poincaré map for the pinned beam reduced to 1 dof (15 000 points).
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results of the full model if a simulated stepped sine test is performed. The master dof should
be chosen carefully so that those dof required to specify the non-linearity are retained. If
these dof are not retained the reduced model any predictions from the model are likely
to be inaccurate.

Reduced models may also be used for time simulation investigations. More dof have to
be retained than in a linear case especially when the system parameters are such that the
dynamics are only just chaotic. A small change in the system, such as reducing the number
of dof too far, may change the character of the system dynamics completely, from chaotic
to periodic. Even so, reducing the model can produce accurate results providing sufficient
degrees of freedom are retained.
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