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a b s t r a c t
Coated composite corrugated panels have wide applications in engineering, especially in morphing skin
applications. The optimal design of these structures requires simple models of the panels that may be
incorporated into multi-disciplinary system models. Therefore equivalent structural models are required
that retain the dependence on the geometric parameters of the coated corrugated panels. Taking into
account the geometric and mechanical properties of the coated corrugated panel, an analytical homogenization model is investigated in this paper. The importance of this work is that it provides a simple
equivalent analytical model which uses the geometric and mechanical properties of panel as variables
that can be applied for further optimization studies. In this regard, two analytical solutions to calculate
the equivalent tensile and bending ﬂexural properties of a coated composite corrugated core in the longitudinal and transverse directions are presented. Then different experimental and numerical models are
investigated to verify the accuracy and efﬁciency of the presented equivalent model. The comparison
studies demonstrate the suitability of the proposed method for application in further complex design
investigations.
Ó 2013 Elsevier Ltd. All rights reserved.

1. Introduction
Sandwich structures have been used for a long time in applications where low weight is important, such as packaging, civil,
naval, automotive and aerospace industries due to their low
mass to stiffness ratio and high impact absorption capacity
[1–5]. Some instances of their applications in daily life are
cardboard sandwich cores used for packaging, metal corrugated
roofs, ship hulls, automotive chassis and bumpers, fuselages
and morphing wings. In nature, where mechanical performance has to be optimized, sandwich structures are used, for
example in the human skull which is made up of two layers
of dense compact bone separated by a ‘‘core’’ of lower density
material.
Composite corrugated panels, as a subdivision of sandwich
structures, have exceedingly anisotropic behavior. They are stiff
and ﬂexible along and transverse to the corrugation direction,
respectively. Composite corrugated panels have been proposed as
a candidate for application in morphing wings. This is due to the
fact that wing structures must be stiff so as to withstand bending
due to aerodynamic forces, and ﬂexible so they can deform efﬁ⇑ Corresponding author. Address: Department of Mechanical Engineering, Swansea University, Swansea, UK. Tel.: +44 1792205678.
E-mail address: I.dayyani@swansea.ac.uk (I. Dayyani).
0263-8223/$ - see front matter Ó 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.compstruct.2013.04.034

ciently in ﬂight. Another advantage of using sandwich structures
(made of metals or composites) with corrugated cores is that they
have high fatigue resistance. Moreover, composite corrugated panels decrease the number of parts used in a wing structure which increases the speed of assembly and reduces the manufacturing costs
[6].
Numerous investigations have been carried out on the
mechanical behavior of corrugated boards for general applications. Luo et al. [7] investigated analytically the effect of different shapes of the corrugated medium on the bending stiffness
of corrugated board. Gilchrist et al. [8] considered geometric
and material nonlinearities and different loading conﬁgurations
in their ﬁnite element analysis and they obtained results that
correlated reasonably well with the experimental measurements.
In terms of optimization, Daxner et al. [9] conducted a study on
a speciﬁc kind of corrugated board with the aim of weightreduction and increased buckling strength. Kazemahvazi et al.
[10,11] modeled and tested hierarchical composite corrugated
cores with better strength properties. They investigated failure
mechanism maps for the different failure modes and showed a
good agreement between the analytical predictions and the
experimental observations. Leekitwattana et al. [12] proposed
the concept of a bi-directional steel corrugated core and derived
the transverse shear stiffness of a sandwich beam structure
using analytical methods.
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The development of smart materials motivated designers towards the concept of a morphing wing which may provide superior
aircraft performance. Therefore, morphing wings are an important
application of composite corrugated panels and in many cases the
design of the skins has been identiﬁed as a major issue. The highly
anisotropic behavior of composite corrugated panels is very effective in morphing wing applications; the panels are stiff along the
corrugations to withstand the aerodynamic loads and ﬂexible
transverse to the corrugations to allow deformation. Yokozeki
et al. [13] experimentally evaluated the in-plane stiffness of corrugated composite laminates as a proposed skin for a ﬂapping ﬂexible wing and analytically developed a simple model for the initial
stiffness of the laminates. As an extension to this study, tensile and
ﬂexural characteristics of trapezoidal corrugated laminates made
of aramid and glass ﬁber were experimentally, numerically and
analytically investigated by Thill et al. [14] and Dayyani et al.
[15], respectively. They investigated the local failure mechanisms,
energy dissipation due to delamination in the structure and the
three-stage mechanical behavior of the composite corrugated core
in tensile and bending.
On the other hand, the numerical modeling of composite corrugated sheets can be very expensive and time consuming if many
corrugation periods are spanned or an actuation system and internal structure are involved. Therefore, a need exists to represent the
structural properties of the corrugated panels with equivalent
structures allowing mesh densities much lower than needed for
the corrugation geometry. The investigations in this ﬁeld can be
classiﬁed in two main subcategories: equivalent modeling of uncoated and coated corrugated cores.
Briassoulis [16] and Yokozeki et al. [13] calculated the equivalent extensional and ﬂexural rigidities of corrugated sheets made
of isotropic and composite material using Castigliano’s second theorem. Using thin shell theory, Kress et al. [17,18] derived accurate
analytical expressions of equivalent orthotropic plates made of
multidirectional laminates for circular corrugations. They extended their study by developing a two-dimensional ﬁnite element
for the analysis of corrugated laminates. Xia et al. [19] presented a
homogenization-based analytical model considering the coupling
stiffness effect. They calculated the average equivalent internal
forces and moments over a unit cell corrugation and validated their
model with ﬁnite element simulation.
Recently, the homogenization of coated corrugated cores has
been investigated and more elaborate theories have been used to
study these structures due to their complex geometry. Aboura
et al. [20] analyzed experimentally and analytically the elastic
behavior of corrugated cardboard with skins. They used the classical laminate theory of plates in order to homogenize the coated
corrugated core and developed a ﬁnite element model showing
that the simpliﬁed homogenized procedure is adequate. Furthermore, Talbi et al. [21] studied both laminated and sandwich plate
theories and presented an analytical homogenization model for a
coated corrugated core. They considered shear forces and torsion
moments and developed a 3-node shell element for the linear
and buckling analyses. Abbès and Guo [22] presented an analytical
homogenization model for the torsion of corrugated cardboard.
They decomposed the plate torsion into two orthogonal beam torsion rates and then developed a shell element for the 2D modeling
of corrugated cardboard.
As demonstrated in the literature, a critical component of morphing structures is a skin that is stiff to withstand the aerodynamic
loads and ﬂexible to enable to morphing deformations. However,
as a proposed candidate for the skin of a morphing wing, the
behavior of the corrugated panels must be investigated comprehensively and optimized in terms of aero-elastic effects and the
boundary conditions arising from the internal wing structure.
The optimal design of these structures requires a simple equivalent

analytical model to incorporate into multi-disciplinary system
models. However, due to the complex geometry of the coated corrugated core, so far homogenization has been mainly numerical
and therefore, still costly and expensive, especially with regard to
morphing wing applications.
The importance of this work is that it provides a simple equivalent analytical model which uses the geometric and mechanical
properties of the panel as variables that can be applied for further
optimization studies. In this paper, two analytical solutions are
presented to calculate the equivalent tensile and bending ﬂexural
properties of a coated composite corrugated core in the longitudinal and transverse directions. Then to verify the accuracy and efﬁciency of the presented equivalent model, different experimental
and numerical models are investigated. The results obtained by
the present model are compared to those given by numerical simulations and experiments. The comparison demonstrates the suitability of the proposed method for application in further design
investigations.

2. Analytical homogenization methods
In this section, two analytical solutions to calculate the equivalent tensile and bending ﬂexural properties of a coated composite
corrugated core in the longitudinal and transverse directions are
presented. Fig. 1a shows a schematic of the corrugated core coated
with elastomeric skins in tension. The panel is assumed to have
periodic corrugations in the longitudinal direction only. The corrugation pattern consists of trapezoidal segments. The objective is to
approximate the response of the coated corrugated panel using
two longitudinal and transverse beam models whose properties
are selected to be equivalent to those of the original panel. Since
the ratio of the elastomer Young’s modulus to the glass ﬁber
Young’s modulus is very small, a good assumption is to neglect
the elastomer coating in the areas overlapped with the composite
corrugated core. This assumption is reasonable because these two
materials are well adhered together and have the same displacement. Thus the strain energy terms of the elastomer in contact
with the glass ﬁber maybe neglected. Furthermore, since the out
of plane and compression stiffnesses of the elastomer coatings
are very low, they may be modelled as springs that undergo only
tension. In other words their action resists the gap opening between two adjacent corners of each unit cell of the corrugated core.
On the other hand since the structure is indeterminate in terms of
loading in the longitudinal direction, the equilibrium and compatibility equations are used to ﬁnd the force distribution in the elastomeric members. Then the whole structural stiffness of the panel
is obtained using Castiglione’s second theorem. Finally, the analytical solutions are compared to experimental and numerical results.
2.1. Longitudinal in plane stiffness
2.1.1. Problem deﬁnition
Fig. 1a shows a schematic of the constructed corrugated core
coated with elastomeric skins in tension. The required parameters
to deﬁne the geometry of the coated corrugated core are shown in
Fig. 1b.
2.1.2. Solution
To calculate the tensile displacement of the corrugated core, a
unit cell of the corrugated core is considered as shown in Fig. 1b.
Since the unit cell is symmetric along the axis passing through
the center of the unit cell, only one half of the cell is studied in
the calculation. Considering the concept of periodicity and Saint–
Venant’s principle [23] in the theory of elasticity, the global applied
force F would pass through the neutral axis located at the center of
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Fig. 1. Schematic of the coated corrugated core in tension (a) and its unit cell sketch (b).

Fig. 2. Subdivision of half of the corrugated core unit cell into two corrugated partitions in tensile solution.

the panel. In other words the eccentric local effect of the load becomes very small at sufﬁciently large distances from the load segment, where the external load is applied.
As illustrated in Fig. 2, in order to avoid dealing with the indeterminate loading conﬁguration of the structure, half of the corrugated core unit cell is subdivided into two corrugated parts such
that each has half of the original thickness of the structure. The
idea is to calculate the stiffness of each subdivision and then add
them together. Considering the nonlinearity in the formulation of
the second moment of area with respect to the thickness, it is
important to state that this parameter is calculated about the separating centre line of the original conﬁguration, so that the total
stiffness of the structure would be the same as the original conﬁguration after the summation of these two substructures. Thus, from
the parallel axis theory, Ic for the subdivided corrugated core unit
3
cell is calculated as: 4bt
. Where b and t denote the width and thick96
ness of the corrugated core unit cell respectively. Moreover, because of the periodicity and symmetry, it is assumed in Fig. 2
that the nodes at the end of spring S1 and the corrugated unit cell
have equal displacement.
Fig. 3 illustrates a schematic of the second substructure of corrugated core in tension. In this ﬁgure f4, R and MR are the force from
spring S2, reaction force and reaction moment, respectively.
According to Castigliano’s second theorem in order to calculate
the displacement at node P, the virtual force g must be applied to
the structure at this node. Therefore the strain energy of each
member due to the bending moment and axial forces may be calculated as:

U i ¼ U i;A þ U i;B ;

i ¼ 1; 2; 3

ð1Þ

where

U 1A ¼

F 2 l1
;
2Ec Ac

2

U 1B ¼

F 2 h l1
8Ec Ic

Fig. 3. Schematic of the second substructure of corrugated core in tension.

ðF þ g  f4 Þ2 c2 l2
2Ec Ac
"
#
3
1
ðF þ g  f4 Þ2 s2 l2
2
¼
ðFh=2Þ2 l2  ðFh=2ÞðF þ g  f4 Þsl2 þ
2Ec Ic
3

U 2A ¼
U 2B

ð3Þ
U 3A ¼

ðF þ g  f4 Þ2 l3
;
2Ec Ac

2

U 3B ¼

h ððF=2Þ þ g  f4 ÞÞ2 l3
2Ec Ic

ð4Þ

Here h, Ec, Ac and Ic represent the height, Young’s modulus, cross
section and second moment of area of the subdivided corrugated
core respectively. Moreover c and s denote cosðhÞ and sinðhÞ,
respectively. Differentiating the strain energy of each member respect to this virtual force g, the displacement of each member
would be obtained from following relations.

ð2Þ
diA ¼


@U iA 
;
@g g¼0

diB ¼


@U iB 
;
@g g¼0

i ¼ 1; 2; 3

ð5Þ
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By following a straight forward formulation and adding these
terms, the total displacement would be expressed as:

d¼

"
#
2
3
ðF  f4 Þðc2 l2 þ l3 Þ
1
Fhsl2 2ðF  f4 Þs2 l2
þ

þ
Ec Ac
2Ec Ic
2
3
2

þ

h l3 ððF=2Þ  f4 Þ
Ec I c

ð6Þ

Considering that the force in the elastomeric members are proportional to the applied structural load, i.e.
f4 = a4F, the force displacement relation may be rewritten in the
following form:

d¼F

"
#
2
3
2
ð1  a4 Þðc2 l2 þ l3 Þ 3hsl2 þ 4ð1  a4 Þs2 l2 þ 6h l3 ð1  2a4 Þ
þ
E c Ac
12Ec Ic
ð7Þ
f4 l4
Ee A e

a4 l4

Compatibility implies that d ¼
¼ Ee Ae F for the elastomeric
member, where Ee and Ae represent the Young’s modulus and cross
section of the elastomeric coating respectively. Therefore a4 is obtained as:



c2 l2 þl3
Ec Ac

þ

c l2 þl3
Ec Ac

þ

a4 ¼  2

3hsl22 þ4s2 l32 þ6h2 l3
12Ec Ic
s2 l32 þ3h2 l3
3Ec Ic

þ Ael4Ee





ð8Þ

Considering Fig. 2, and by repeating the same procedure for the
ﬁrst substructure of the half of periodic unit cell, a5 is obtained as:



c2 l2 þl1
Ec Ac

þ

3hsl22 þ4s2 l32 þ6h2 l1
12Ec Ic

c l2 þl1
Ec Ac

þ

s2 l32 þ3h2 l1
3Ec Ic

a5 ¼  2

þ Ael5Ee





ð9Þ

After ﬁnding the distribution of forces in the elastomeric members i.e. a4 and a5, the total mechanical behaviour of the second
substructure of half of the unit cell would be calculated by adding
the
displacement
of
the
ﬁrst
member
as:
h2 l1
d1A ¼ FðEcl1Ac Þ and d1B ¼ Fð4E
Þ. Therefore the force–displacement
c Ic
relation for the second subdivision of half of the unit cell would
be obtained as:
"
dhu¼ F

2

2

3

2

l1 þ ð1  a4 Þðc2 l2 þ l3 Þ 3h l1  3hsl2 þ 4ð1  a4 Þs2 l2 þ 6h l3 ð1  2a4 Þ
þ
E c Ac
12Ec Ic

#

ð10Þ

Consequently the stiffness of the second substructure of half of
the unit cell illustrated in Fig. 2 would be obtained as:

K2 ¼

1
l1 þð1a4 Þðc2 l2 þl3 Þ
Ec Ac

þ

3h2 l1 3hsl22 þ4ð1a4 Þs2 l32 þ6h2 l3 ð12a4 Þ
12Ec Ic

ð11Þ

In the similar way, the stiffness of the ﬁrst subdivision of half of
the unit cell would be obtained by replacing l1 with l3 and a4 with
a5 in the Eq. (11) to give

K1 ¼

1
l3 þð1a5 Þðc2 l2 þl1 Þ
Ec Ac

þ

3h2 l3 3hsl22 þ4ð1a5 Þs2 l32 þ6h2 l1 ð12a5 Þ
12Ec Ic

ð12Þ

Finally, the total stiffness of half of the corrugated unit cell is the
summation of these two terms. Consequently the tensile stiffness
þK 2 Þ
of a panel consisting of N periodic unit cells would be: ðK 12N
. On
the other hand, the tensile force displacement behaviour for an
equivalent beam with the same length of the panel is:
ðAEÞ
F ¼ ð2NÞðl1 þlEq2Lcþl3 Þ d: Therefore the equivalent longitudinal tensile
modulus can be presented as:

ðAEÞEqL ¼ ðl1 þ l2 c þ l3 ÞðK 1 þ K 2 Þ

ð13Þ

2.2. Longitudinal out of plane stiffness
As mentioned before, since the out of plane and compression
stiffness of the elastomer coatings are very low, it is assumed that
they act like springs that undergo only tension. In other words, the
role of the upper elastomeric coating which is subjected to tensile
loading is modelled as springs resisting the gap opening between
two adjacent corners of each unit cell of the corrugated core. The
minor effect of the coating subjected to compression forces during
the bending is neglected.
2.2.1. Problem deﬁnition
As illustrated in Fig. 4a, the coated corrugated core is symmetric
along the axis passing through the center of the panel. Hence only
one half is considered in the analytical solution. Fig. 4a depicts the
schematic of generic coated corrugated core which includes N + 1
unit cells in half of the span of the simulated three-point bending
experiment. It is expected that the maximum gap opening in the
structure, and consequently the maximum stretching of the elastomeric coating, happens at node N + 1 which is in the center of the
panel. The more distance the marked nodes in Fig. 4a have from the
symmetry line of the panel, the less gap opening and consequently
the less resisting force they would have. The idea here is to ﬁnd a
relation for the distribution of forces in the elastomeric members.
2.2.2. Solution
In order to ﬁnd the distribution of the forces in the elastomeric
members and to avoid solving complex coupled multi equations of
compatibility for these members, the Euler–Bernoulli beam in a
three point bending test is considered as illustrated in Fig. 4b. In
this ﬁgure, for any two arbitrary points resting on a line parallel
to the neutral axis, the ratio of their off axis strains in the x direction, are equal to the ratio of their coordinates, i.e.:

ei xj ¼ ej xi

ð14Þ

By assuming a displacement model for the corrugated structure
based on an Euler–Bernoulli beam, and by analogy to Eq. (14), the
force of the elastomer coating in each unit cell due to the gap opening is proportional to forces in the other cells. Thus it is assumed
that the upper coating of the sandwich panel acts like a beam in
three-point bending. That is, Eq. (14) is used here as an assumption
to make a proportional relation between the forces of the elastomeric members and the one located in the center of panel. This
relation can be stated as:

Fig. 4. Schematic representation of a beam in three-point bending (b) versus the coated corrugated core (a).
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Table 1
Ratio of strains and stresses corresponding to nodes for the elastomeric members
marked in Fig. 4a.
(xi/xN+1)

Coordinate ratios

FE strain ratios

Error%

(x1/x10)
(x2/x10)
(x3/x10)
(x4/x10)
(x5/x10)
(x6/x10)
(x7/x10)
(x8/x10)
(x9/x10)

0.0341
0.1414
0.2488
0.3561
0.4634
0.5707
0.6780
0.7854
0.8927

0.0346
0.1430
0.2520
0.3610
0.4700
0.5790
0.6880
0.7960
0.9050

1.47
1.13
1.29
1.38
1.42
1.45
1.47
1.35
1.38

(18)–(22) the factor w has been introduced so as to keep the format
of equations simple and clear. Thus



l5
¼ fw1
dðNþ1Þ5A ¼ f 
Ec Ac
!


2
hl5 ðd  l5 Þ
l5 h
þf 
dðNþ1Þ5B ¼ F
¼ Fw2 þ fw3
2Ec Ic
Ec I c

ð18Þ

Likewise for the next member, i.e. i = N + 1 and j = 5,

T ðNþ1Þ4 ¼ ðg  f Þc  Fs
M ðNþ1Þ4 ¼ ðFðd  l5 Þ þ hðg  f ÞÞ  xððg  f Þs þ FcÞ

ð19Þ

and for the tensile axial and ﬂexural displacement:

xi
xNþ1

¼

fi
fNþ1

:

To see how valid this assumption is, the ratio of strains and in
plane axial forces for the nodes marked in Fig. 4a for 9 periodic unit
cells, i.e. N = 9, are calculated, tabulated and compared with FE results in Table 1. (More details of the FE simulation are presented in
Section 3.2.)
The matrix form of the forces in the elastomeric members can
be written as following symmetric matrix relation, in which fel(ij)
for i, j = 1: (N + 1) is the elastomeric force that the corners of the
unit cells exert on each other, as shown in Fig. 5b. Thus

f el ¼ f el ðijÞ ¼

( hL þði1ÞL i
f npLnp þNLuc uc ; i þ 1 ¼ j
0;

j ¼ 1; 2; 3; 4; 5

ð16Þ

where the indices i and j denote the cells and members of each cell
respectively, as shown in Fig. 5b.
Considering equilibrium equations, the axial forces and bending
moments of the illustrated members in Fig. 5a, i.e. i = N + 1 and
j = 4, 5 are

T ðNþ1Þ5 ¼ ðg  f Þ
MðNþ1Þ5 ¼ Fðd  xÞ þ ðg  f Þh

d¼

j¼5
X
ðdðNþ1Þ4jA þ dðNþ1Þ4jB Þ
j¼4

ð15Þ

i þ 1–j

i ¼ 1 : N þ 1;

ð20Þ

Considering the compatibility of the elastomeric member, the
displacement of node q which is the summation of these relative
displacements is

¼ Fðw2 þ w4 þ w6 Þ þ f ðw1 þ w3 þ w5 þ w7 Þ ¼

where Lnp and Luc are the length of non-periodic part and periodic
unit cell respectively. Next, in order to determine the distribution
of force in the elastomeric member located at the center of panel,
i.e. f in Eq. (15) and Fig. 5a, the displacement at node q is calculated
ﬁrst. In this regard, again according to Castigliano’s second theorem,
the virtual force g is applied to the structure at this node. Differentiating the strain energy of each member respect to this force, the
displacement in each member can be obtained. As mentioned before the strain energy of each member is due to the axial force
and bending moment:

U ij ¼ U ij;A þ U ij;B ;


 

l4 cs
l4 c2
þf 
¼ Fw4 þ fw5
dðNþ1Þ4A ¼ F 
Ec Ac
Ec Ac
0

1 0

1
2
2
sl34
2
2
sl34
Bðd l5 Þð2l4 h  l4 sÞ þ c hl4 þ 3 C Bhð2l4 h  l4 sÞ  s hl4 þ 3 C
dðNþ1Þ4B ¼ F @
Aþf @
A ¼ Fw6 þ fw7
2Ec Ic
2Ec Ic

where d = Lnp + NLuc and represents half of the bending span, as
shown in Fig. 5a. By differentiating the obtained strain energy due
to the axial forces and bending moments with respect to the virtual
force, the relative displacement in each member is obtained. In Eqs.

ð21Þ

where le is the length of the elastomeric member which is located
between two adjacent corners of two consecutive unit cells of corrugation. Then the relation between the applied global force and the
resisting force due to the gap opening in the elastomeric member is

2
f ¼ F 4

le
2Ae Ee



ðw2 þ w4 þ w6 Þ

3

5 ¼ aF
 ðw1 þ w3 þ w5 þ w7 Þ

ð22Þ

Obtaining Eq. (22) and considering Eqs. (15) and (16) the force
distribution in the elastomeric members are identiﬁed and hence
the structure is determinate. In other words the force in each elastomeric member is proportional to the global applied force F, i.e. fi(toiEq. (15) ai(i+1) is the symmetric matrix given
i+1) = ai(i+1)F. Similar
h
L þði1ÞL
by aiðiþ1Þ ¼ a npLnp þNLuc uc . By differentiating the whole strain energy
of the structure with respect to the global applied load F in Fig. 5b,
the vertical displacement for the center of the panel would be obtained. Considering Fig. 5b, Eq. (16) can be divided into periodic
and non-periodic parts as:

U ¼ U np þ
ð17Þ



f ðle =2Þ
Ae Ee

j¼5
i¼Nþ1
XX
i¼2

U ij :

j¼1

Considering Eqs. (15) and (22) and following the same procedure, the axial forces and bending moment of the members of
the non-periodic part, i.e. i = 1, can be calculated. The axial and
bending deformation of these members are calculated as

Fig. 5. Schematic of half of the coated corrugated core in bending.
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Fig. 6. Schematic of a unit cell of coated corrugated core in the transverse direction.

!

ðs þ a12 cÞ2 l4
¼ FC 14A
E c Ac
!
3
ða12 s  cÞ2 l4
¼F
¼ FC 14B
3Ec Ic
!
ða12 Þ2 l5
¼ FC 15A
¼F
Ec Ac

Similarly, for the third member of each periodic unit cell, i.e.
j = 3, the axial and bending moment is

d14A ¼ F
d14B
d15A

T i3 ¼ 0
ð23Þ

3

d15B ¼ F

ðl5 þ l4 c  a12 hÞ  ðl4 c  a12 hÞ
3Ec Ic

3

Li ¼ ½Lnp þ ði  2ÞLuc  þ

Lj

Therefore the deformations corresponding to these forces are:

di3A ¼ 0

!

di3B ¼ F

¼ FC 15B

In Eqs. (23)–(35) Cij is the ﬂexibility factor has been introduced
so as to keep the format of equations simple and clear. According to
Fig. 5b, for the periodic unit cells of the structure, the length
parameter Li is introduced as
j1
X

i ¼ 2 : N þ 1 and j
ð24Þ

where Li is the distance from the support to the member of each
periodic unit cell. Considering Fig. 5b, for the ﬁrst member of each
periodic unit cell, i.e. i = 2:N + 1 and j = 1, the axial and bending moment is stated as:

T i1 ¼ fði1Þi ¼ Fðaði1Þi Þ

ð25Þ

M i1 ¼ fði1Þi h  Fðx þ Li Þ ¼ Fðaði1Þi h  Li  xÞ

di1B ¼ F

!
¼ FC i1A

ðl1  ðaði1Þi h  Li ÞÞ þ ðaði1Þi h  Li Þ
3Ec Ic

3

!

ð26Þ
¼ FC i1B

T i4 ¼ Fs þ fiðiþ1Þ c ¼ Fðs þ aiðiþ1Þ cÞ
M i4 ¼ FLi þ ðFc  fiðiþ1Þ sÞx ¼ F½Li þ ðc  aiðiþ1Þ sÞx

di4A

ðs þ aiðiþ1Þ cÞ2 l4
¼F
Ec Ac

di4B ¼ F

M i2 ¼ ðFc þ fði1Þi sÞx þ ðFLi  fði1Þi hÞ ¼ F½ðc þ aði1Þi sÞx þ ðLi  aði1Þi hÞ
and the deformations corresponding to these forces are

di2B ¼ F

ððLi þ ðc  aiðiþ1Þ sÞl4 ÞÞ3  L3i
3Ec Ic ðc  aiðiþ1Þ sÞ

di5A

ðaiðiþ1Þ Þ2 l5
¼F
E c Ac

!

ð32Þ
¼ FC i4B

ððc þ aði1Þi sÞl2 þ ðLi  aði1Þi hÞÞ  ðLi  aði1Þi hÞ
3Ec Ic ðc þ aði1Þi sÞ

3

!
¼ FC i2B
ð28Þ

!
¼ FC i5A

ðl5  ðaiðiþ1Þ h  Li ÞÞ3 þ ðaiðiþ1Þ h  Li Þ3
3Ec Ic

!

ð34Þ
¼ FC i5B

d¼

!
j¼5
j¼5
i¼Nþ1
X
XX
ðd1jA þ d1jB Þ þ
ðdijA þ dijB Þ
i¼2

j¼4
j¼5
i¼Nþ1
XX

j¼1

ðC ijA þ C ijB Þ ¼ FC total

i¼1

¼ FC i2A

ð33Þ

The vertical displacement for the half of the panel then is obtained as:

¼F

!

3

¼ FC i4A

and the deformations are

ð27Þ

ðs  aði1Þi cÞ l2
E c Ac

!

M i5 ¼ fiðiþ1Þ h  FðLi þ xÞ ¼ Fðaiðiþ1Þ h  Li  xÞ

T i2 ¼ Fs  fði1Þi c ¼ Fðs  aði1Þi cÞ

di2A ¼ F

ð31Þ

Finally, for the ﬁfth member of each periodic unit cell, i.e. j = 5,
the axial and bending moment is

di5B ¼ F

In a similar way, for the second member of each periodic unit
cell, i.e. j = 2, the axial and bending moment is

2

ð30Þ

¼ FC i3B

T i5 ¼ fiðiþ1Þ ¼ Fðaiðiþ1Þ Þ

The relative displacements due to the axial and bending forces
for this member is then

3

!

Similarly, the deformations corresponding to these forces are:

¼ 1; 2; 3; 4; 5

di1A

ðLi þ l3 Þ3  L3i
3Ec Ic

Likewise, for the fourth member of each periodic unit cell, i.e.
j = 4, the axial force and bending moment are:

1

ðaði1Þi Þ2 l1
¼F
E c Ac

ð29Þ

M i3 ¼ FðLi þ xÞ

ð35Þ

j¼1

Comparing this relation, with the cantilever beam with length
equal to half of the original three point bending span, i.e. d, the
equivalent ﬂexural stiffness would be obtained as:

ðEIÞEqL ¼

ðLnp þ NLuc Þ3
3C total

ð36Þ
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It is worthwhile to notice that Ctotal is a function of the number
of periodic unit cells and hence the equivalent ﬂexural stiffness is
dependent to the number of periodic unit cells.
2.3. Transverse stiffness
In order to predict the transverse stiffness modulus of the
coated corrugated core, a straight Euler–Bernoulli beam is considered. As illustrated in Fig. 6a and b, calculation of the in plane and
out of plane stiffness of the beam in the transverse direction leads
to formulation of the equivalent transverse modulus of stiffness.
2.3.1. Transverse in plane stiffness
Composite corrugated core and elastomeric members act like
parallel springs in the transverse direction. Therefore the total stiffness of a unit cell of coated corrugated core in the transverse direction is given by:

K T ¼ K c T þ K eT ¼

AeT Ee þ AcT Ec
WT

ð37Þ

where AcT , AeT and WT denote the cross section area of the corrugated core and elastomeric coating and the width of the panel in
the transverse direction, respectively. The axial stiffness for the
equivalent bar is:

K EqT ¼

ðAEÞEqT
WT

ð38Þ

Hence by comparing Eqs. (37) and (38) the equivalent stiffness
in the transverse direction is:

ðAEÞEqT ¼ AeT Ee þ AcT Ec  AcT Ec

ð39Þ

2.3.2. Transverse out of plane stiffness
As mentioned in the previous section, since the composite corrugated core and elastomeric members act like parallel springs in
the transverse direction, the total out of plane stiffness of a unit cell
of coated corrugated core is given by:

ðEIÞEqT ¼ Ec IcT þ Ee IeT  Ec IcT

ð40Þ

It is evident that in Eqs. (39) and (40) that the role of the elastomeric members in the transverse direction may be neglected
since the elastomer Young’s modulus is small compared to the
composite material.
3. Validation
Different experimental and numerical models are considered
in this section to verify the accuracy and efﬁciency of the presented equivalent model. In the experimental part, both coated
and uncoated corrugated cores are studied in tensile and three
point bending tests and their mechanical behavior are compared
to those predicted by the analytical solution. In the numerical
section, the mechanical behavior of coated corrugated cores predicted by the analytical model is compared to the ﬁnite element
results obtained by ABAQUS simulation [27]. The effect of combined loading and the number of unit cells on the mechanical
behavior of the structure are investigated and veriﬁed with
numerical simulations.

Fig. 7. The coated composite corrugated core.

predicted by the analytical solution. More details of the experiments for the uncoated corrugated cores are presented in [15].
3.1.1. Problem deﬁnition
3.1.1.1. Coated corrugated core fabrication. To manufacture the
composite corrugated cores, prepreg laminates of glass ﬁber plain
woven cloth were hand-laid on a trapezoidal machined aluminium
mould. More details of the manufacturing process as well as the
schematic of the trapezoidal mould and the prepreg laminates of
glass ﬁber are presented in the author’s previous work [15]. Afterwards, both the upper and lower faces of the corrugated core were
covered by elastomer which is widely used in applications where
low stiffness and a high elastic strain are required.
3.1.1.2. Coated corrugated core geometry. The length of the coated
composite corrugated core investigated in this section is 300 mm.
The widths of tensile and bending test specimens are 25 mm and
100 mm, respectively. Fig. 7 illustrates the constructed coated
composite corrugated core which included 10 unit cells. The thickness of the corrugated core and elastomer skin is 1.00 mm and
0.80 mm, respectively. The values of the dimensions given in
Fig. 1b are tabulated in Table 2.
3.1.1.3. Coated corrugated core material characterization. The corrugated core is made of three-plies of woven glass ﬁbers with epoxy resin where the orientation of each ply was 0° or 90° with
respect to the corrugation direction. Moreover, to evaluate the
mechanical properties of this material, uniaxial tensile tests were
carried out on ﬁve ﬂat samples with unidirectional embedded ﬁbers. The average Young’s modulus of ﬁbers, Eﬁber, is 9 GPa, while
the effect of the matrix is neglected. The elastomer coatings used
in this paper are made of synthetic rubber Polyurethane (PU)
which is knitted by a circular interlock weft method. To evaluate
the mechanical properties of the elastomer, a total of six strips of
elastomer sheet were cut and subjected to simple tensile tests. Table 3 describes the average Young’s modulus of the elastomer coating in three phases of stretching.

Table 2
Dimensions of the corrugated core unit cell.
Dimensions

Values (mm)

a1
a2
a3
h

3.75
5.5
5.3
9.5

3.1. Experimental validation
In order to validate the analytical model for different levels of
complexity of the geometry of the structure, both coated and uncoated corrugated cores are subjected to tensile and three point
bending tests and their mechanical behavior are compared to those

Table 3
Young’s modulus of the elastomer in different phases of stretching.
Elasticity

Initial stretch

Medium stretch

Final stretch

Young’s modulus

13.5 MPa

10.25 MPa

108.00 MPa
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Fig. 8. Composite corrugated core with elastomeric coatings in tensile and bending experiment.

3.1.2. Experiments on coated composite corrugated core
3.1.2.1. Tensile test of coated composite corrugated core. Using the
ASTM D3039 standard [24] as a basis for the tensile standard testing, six specimens of the coated composite corrugated core were
tested experimentally in tension, transverse to their corrugations.
Fig. 8a illustrates the investigated composite corrugated core with
elastomeric coatings for the tensile test. A comparison of the average data from the experiment for the corrugated core with and
without elastomeric coatings in the tensile tests is shown in Fig. 9a.
3.1.2.2. Three-point bending test of a coated composite corrugated
core. Likewise, according to ASTM C393 [25], six specimens of the
coated composite corrugated core were tested experimentally by a
three point bending test. The span and diameter of the support
rollers were 193 mm and 5 mm, respectively. Fig. 8b illustrates
testing machine and the coated composite corrugated core during
the three point bending test. A comparison of the average data
from the experiment for the corrugated core with and without
elastomeric coatings in the three-point bending test is shown in
Fig. 9b.
3.1.3. Analytical modeling of experiments
The analytical modelling consists of two steps: ﬁrst, the equivalent isotropic material properties for the plain woven fabrics are
estimated and second, the equivalent tensile and bending ﬂexural
property of the coated composite corrugated core for 10 unit cells
are evaluated. In the ﬁrst step, since the plain woven fabrics are a
type of heterogeneous orthotropic material, the equivalent Young’s
modulus is calculated based on the ﬁnite element model described
in detail in [15,26]. However the equivalent Young’s modulus can
also be calculated from the rule of mixtures. Since the analytical
solution is proposed for linear small deformations of the structure,
the initial stretching behaviour of the elastomer is considered.
Therefore, the equivalent Young’s modulus of the composite, Ec
and the elastomer Ee are estimated as 4.5 GPa and 13.5 MPa
respectively.

posed analytical solution would be identical to the analytical
method proposed in [15] and matches with the ﬁrst phase of
mechanical behaviour for the uncoated corrugated core in the
experiment. Then by increasing the Young’s modulus of the elastomer up to 13.5 MPa, the proposed analytical solution would correlate with the ﬁrst phase of the mechanical behaviour of elastomeric
coated corrugated core in the experiment. By considering the low
stiffness of the corrugated core in the initial stages [15], the effect
of the elastomer is evident. The elastomer functions as a spring
which is parallel with the corrugated core and thus resists the
deformation of the whole structure.
3.1.4.1. Longitudinal out of plane stiffness. The span in the threepoint bending test was 193 mm. Hence, considering the values
listed in Table 2 and Fig. 5b, one half of the bending span included
one non-periodic part and three periodic unit cells. In this regard
Eq. (15) is rewritten as:

2

0

f 12

3

2

0

0:1

3

7
7
6
6
0:4
f 23
7
7
6 f 21 0
6 0:1 0
7
7
6
6
7
7
6
6
0:4
0
0:7
f el ¼ 6
¼
f
f 32 0
f 34
7
7
6
7
7
6
6
0:7 0
15
f 43 0
f 45 5
4
4
1
0
f 54 0
ð41Þ
The force displacement curves for both coated and uncoated
structures are plotted in Fig. 9b. By setting the Young’s modulus
of the elastomer to zero the proposed analytical solution would
be the same as the analytical method proposed in [15] and matches
with the ﬁrst phase of mechanical behaviour of uncoated corrugated core in the three-point bending experiment. However by
increasing the Young’s modulus of elastomer to 13.5 MPa, the proposed analytical solution correlates with the ﬁrst phase of the
mechanical behaviour of the elastomeric coated corrugated core
in the bending experiment.
3.2. Finite element validation

3.1.4. Longitudinal in plane stiffness
Considering Eqs. (11) and (12) and the fact that the tensile stiffness of the panel consisting of 10 periodic unit cells would be equal
þK 2 Þ
to ðK 120
, the force displacement curves for both coated and uncoated structures are plotted in Fig. 9a. It must be mentioned that
by setting the Young’s modulus of the elastomer to zero the pro-

In this section the mechanical behavior of coated corrugated
cores predicted by the analytical model is compared to the ﬁnite
element results obtained by ABAQUS simulation. Two different effects on the mechanical behavior of the structure are investigated
and veriﬁed by numerical simulations. In both cases the geometric
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Fig. 9. Force-displacement behaviour of coated and uncoated corrugated core from tensile experiments and analytical solution.

Fig. 10. The tensile and bending stiffness of the panel versus the number of unit cells.

Table 4
Comparison of reaction forces at the ﬁxed end and nodal displacements of the moving end, for the FE model of the coated corrugated structure and the analytical equivalent
method.
Method/stiffness

Ratio of horizontal force to horizontal displacement (N/mm)

Ratio of vertical force to vertical displacement (N/mm)

Finite element model
Analytical equivalent model
Error (%)

3.3820
3.5500
4.73

0.0388
0.0362
6.70

dimensions and material properties are selected as those presented
in Section 3.1.1. In both cases a ﬁne mesh and linear displacement
theory were considered.
3.2.1. The effect of the number of unit cells
As mentioned in Section 2.1.2 the coated corrugated core acts as
a series of springs in tension. However, for the bending case the
story is slightly different. It is evident in Eqs. (23)–(36) that the

ﬂexibility factor, i.e. Cij, itself is a quadratic function of the number
of unit cells. On the other hand, considering Eq. (36) the bending
stiffness is a cubic function of the length of the bending span which
is dependent to the number of unit cells. As a result, in both tensile
and bending cases the stiffness has an inverse relation with the
number of unit cells. Fig. 10a compares the tensile stiffness of
the panel versus N, the number of periodic unit cells, obtained by
the equivalent model and the ﬁnite element simulation. Fig. 10b
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Fig. 11. The relation between Alpha and the Young’s modulus of the elastomer in longitudinal tensile and bending tests.
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shows a comparison of the bending stiffness of the panel versus the
number of periodic unit cells in half of the bending span, obtained
by the equivalent model and the ﬁnite element simulation.
3.2.2. The effect of combined loading
This section shows the suitability of the proposed method to replace the coated corrugated core with an equivalent structure under a complex combination of load and boundary conditions, by
analyzing two ﬁnite element models corresponding to these
structures.
Firstly a coated corrugated core with equivalent material properties given in Section 3.1.1.3 with the same dimensions of the tensile specimens given in Section 3.1.1.2, were modeled as beam
elements. The boundary conditions were selected such that one
end of the panel was ﬁxed and the other was subjected to a horizontal displacement of 10 mm in the longitudinal direction. Furthermore, in terms of loading, one side of the coated corrugated
core was subjected to a vertical uniform pressure of 1000 kPa. Secondly an equivalent beam model was simulated with an in plane
stiffness, i.e. ðEAÞEqL , of 1035.8 N and an out of plane stiffness,
ðEIÞEqL , of 12931 N/mm2; the same boundary conditions and loading were modeled independently in ABAQUS.
In both cases ﬁne meshes and linear small displacement theory
were considered. The results obtained corresponded to the reaction forces at the ﬁxed end and the nodal displacements of the
moving end are tabulated and compared in Table 4. The error in
both the horizontal and vertical cases is less than 6.7%, which demonstrates the efﬁciency of the proposed method under complex
combined load and boundary conditions.
4. Discussion
Considering the geometric dimensions and material properties
of the panel presented in Section 3.1.1, and regarding Eqs. 8, 9,
and 22, the relation between the coefﬁcient of the force distribution in the elastomeric members, i.e. a, and the Young’s modulus
of the elastomer is shown in Fig. 11 for the tension and bending
cases in the longitudinal direction respectively. The curve shows
a plateau when the Young’s modulus of the elastomer tends to
inﬁnity, which is expected because of the geometric constraints.
The physical description of the behaviour is that by increasing
the Young’s modulus of the elastomer sufﬁciently there would be
a rigid geometric constraint between two adjacent corners of the
unit cells. In other words the rigid link would prohibit any change
in the distance between two adjacent corners of subsequent unit
cells. Therefore the rigid link would have a constant axial force.
However it must be mentioned that this behaviour is true only in
terms of theory. In reality, by increasing the Young’s modulus of
the elastomer up to a certain level the mechanical behaviour of
the elastomer would change from membrane into shell behaviour.
Moreover the deformation mechanism would also change since the
skins of the sandwich panel would have a greater Young’s modulus
than the composite corrugated core. Fig. 11a and b illustrate the
relation between a and the Young’s modulus of the elastomer in
the longitudinal tensile and bending tests respectively. In addition,
the effect of the length of the elastomeric members on the distribution of force in each elastomeric member (i.e. different a4 and a5),
which is due to the different geometric parameters, are shown in
ﬁg. 11a.
5. Conclusion
Two analytical solutions to calculate the equivalent tensile
and bending ﬂexural property of the coated corrugated core in
the longitudinal and transverse directions are presented based
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on Castigliano’s second theorem. The results obtained by the analytical model were compared to those given by numerical simulations and experiments. In the experimental part, both coated
and uncoated corrugated cores were studied in tensile and three
point bending tests. The ratio of the in plane and out of plane
stiffness of coated corrugated structure to uncoated corrugated
structure was 2.28 and 2.14, respectively. This provides a better
insight into the mechanical behavior of coated composite corrugated panels as candidates for morphing wing applications. Furthermore, the effect of combined loading and the number of
unit cells on the mechanical behavior of the coated corrugated
core are investigated and veriﬁed with numerical simulations.
The physical description of the behavior that the relation between the coefﬁcient of the distribution of forces in the elastomeric members and the Young’s modulus of the elastomer
converges when the Young’s modulus of elastomer tends to inﬁnity was also discussed. The comparison studies demonstrate the
suitability of the proposed method for further design
investigations.
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