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Abstract A two-step method to optimize anisotropic
composite panels with T-shaped stiffeners, including
a new formulation of the transverse shear properties
and an approximation of the ply contiguity (blocking)
constraints as functions of the lamination parameters is
provided. At the first step, a representative element of
the stiffened panel (superstiffener) is optimized using
mathematical programming and lamination parame-
ters subjected to combined loading (in-plane and out-
of-plane) under strength (laminate or ply failure),
buckling and practical design constraints. Ply blocking
constraints are imposed at this step to improve conver-
gence towards practical laminates. At the second step,
the actual superstiffener’s laminates are obtained by
using a genetic algorithm. Results, for the case consid-
ered, show that the inclusion of transverse shear effects
has an associated 2.5% mass penalty and that neglect-
ing its effects might invoke earlier buckling failure. In
addition, the influence of designing for failure strength
at laminate or ply level is assessed.
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Nomenclature
a panel length
A, A membrane stiffness matrix, membrane, area
Aij terms of the membrane stiffness matrix,

i = j = 1, 2, 6
Asf area of the stiffener flange
Askin area of the skin
Astg area of the stiffener
Asw area of the stiffener web
b panel width
bsf stiffener flange width
B membrane–bending coupling stiffness matrix
c continuous
d discrete
D bending stiffness matrix, bending
Dij terms of the bending stiffness matrix, i = j =

1, 2, 6
e eccentricity
Eij Young’s modulus in ij direction, i = j = 1, 2
Ei

x Young’s modulus in x direction for element
i, i = skin, sf, sw

EIc longitudinal bending stiffness of the supers-
tiffener element

Fc longitudinal force applied at the superstiff-
ener centroid

Fskin axial force in the skin
Fstg axial force in the stiffener
Gi ith design constraint
Gi

xy shear modulus for element i, i = skin, sf, sw
Gij shear modulus i = 1, 2; j = 2, 3
h laminate thickness
hsw stiffener web height
H transverse shear matrix
Hij terms of the transverse shear matrix, i = j =

4, 5



166 J.E. Herencia et al.

K stiffness matrix
Kd differential stiffness matrix
Kdp differential stiffness matrix for the preloading

case
M, M running moment vector, mass of the supers-

tiffener element
Mi non-linear bending moment at i evaluation

point, i = a, c; mass i = c, d
Mij non-linear bending moment due to i at evalu-

ation point j, i = p, i, e; j = a, c
ms mid-plane symmetric
nc number of design constraints
nv number of design variables
N running load vector
N j

i load per unit length in i direction for element
j, i = x, y, xy; j = skin, sf, sw

p maximum number of plies of the same orien-
tation that can be stacked together, pressure

pα percentage of α degree plies, α = 0, 90,
45, −45

P lateral pressure
Q j transverse shear resultants, i = x, y
Qij terms of the reduced stiffness matrix, i = j =

1, 2, 4, 5, 6
s symmetric
t thickness of the skin
tp ply thickness
ta thickness of the stiffener flange
tsf total thickness of the stiffener flange
tsw thickness of the stiffener web
tw thickness of the web
t total
Ui,, U∗

j material invariants, i = 1..5; j = 1, 2

w f j
i weighting factor for lamination parameters,

i = 1, 2, 3; j = A, D
x, x vector of design variables, abscise
y, y gene, ordinate
β smeared ply angle
γ 0

i transverse shear strain, i = xz, yz
δ bow
ε

0 j
i laminate applied strain, i = T, C; j = x, y, xy

ε
j
ai laminate allowable strain, i=T, C; j=x, y, xy

ε
j
αi ply applied strain, α = 0, 90, 45, −45; i = T,

C; j = 1, 2, 12
ε

j
aαi ply allowable strain, α = 0, 90, 45, −45; i = T,

C; j = 1, 2, 12
ζ, η tolerance value
κ middle surface curvatures
λi buckling or strength load factor (eigenvalue),

i = b , s

λ
j
i laminate strength load factor, i = T, C; j =

x, y, xy
λ

j
ϕi ply strength load factor, i = T, C; j = 1, 2, 12

vi Poisson’s ratio in i direction, i = 12, 21
ξ

j
i lamination parameters, i = 1, 2, 3; j = A, D

ρ density
υα volume fraction of α degree ply angle,

α = 0, 90, 45, −45
ϕ fibre orientation angle
θ, ψ, φ encoded ply angle for the skin, stiffener flange

and web, respectively
�i ith eigenvector

1 Introduction

The commercial aviation industry is progressively
employing composite materials as primary structures to
reduce weight whilst maintaining structural integrity.
Primary flight structures such as wings, fuselages or
empennages are mainly designed using stiffened pan-
els under combined in-plane and out-of-plane load-
ing. Composite materials are characterized by their
high specific strength and stiffness ratios (Jones 1999).
Moreover, in contrast to metallic structures, composite
structures can be stiffness tailored. This latter feature is
intimately related to their design and manufacture. Due
to practical, yet often limiting, manufacturing consider-
ations, composite panels have been restricted to sym-
metric or mid-plane symmetric laminates with 0˚, 90˚,
45˚ and −45˚ ply angles. In addition, the manufacture
of T-shaped stiffeners increases design complexity as
thickness variation is permitted in the stiffener web and
flange by adding extra and capping plies, respectively.

Generally, composite materials might exhibit some
degree of anisotropy. Flexural anisotropy, for instance,
has an impact on buckling behavior (Ashton and
Waddoups 1969) and, if neglected in the buckling analy-
sis, results can be non-conservative (Chamis 1969).
Nemeth (1986) described the importance of flexural
anisotropy and provided bounds within which its effect
would be significant. Flexural anisotropy is intrinsically
related to the laminate stacking sequence. Further-
more, transverse shear deformation could significantly
affect the response of anisotropic laminates (Whitney
1969). Theories formulated have covered this effect
by factorising the transverse shear properties (Whitney
1973; Laitinen et al. 1995), employing energy princi-
ples in cylindrical bending (Rolfes and Rohwer 1997;
Anonymous 2004) or applying a weighting function to
the transverse shear stresses (Vinson and Sierakowski
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1986). Moreover, composite structures may be exposed
to out-of-plane displacements. Out-of-plane displace-
ments are produced by out-of-plane loading, which
in turn is caused by lateral pressure, initial geometric
imperfections and eccentricities in the in-plane load-
ing. Giles and Anderson (1972) studied the effect of
eccentricities and lateral pressure on the design of stiff-
ened compression panels. Computer programmes like
PASCO (Stroud and Anderson 1981), VICONOPT
(Butler and Williams 1990) and PANDA2 (Bushnell
1987a) incorporate the out-of-plane effects in their
analysis methods.

Throughout the years, optimization techniques have
been developed to assist in composite design. The
nature of composite optimization is non-linear. The lay-
up optimization problem is a non-linear problem with
discrete variables which has a non-convex design space.
Early work on composite optimization started with
Schmit and Farshi (1973, 1977) who optimized sym-
metric laminates with homogeneous and orthotropic
properties, considering ply thicknesses as continuous
variables. In the same trend, Stroud and Agranoff
(1976) optimized composite hat-stiffened and corru-
gated panels with orthotropic properties, using non-
linear mathematical techniques with a simplified set of
buckling equations as constraints. The dimensions of
the cross-sections were the design variables.

Tsai and Pagano (1968) and Tsai and Hahn (1980)
characterized the stiffness properties of composite
plates by the use of lamination parameters. Lamination
parameters were initially used by Miki and Sugiyama
(1991) to address the discrete lay-up optimization prob-
lem. Optimum designs for constraints such as stiffness
or buckling were obtained from geometric relations
between the lamination parameters feasible region and
the objective function. Fukunaga and Vanderplaats
(1991) used lamination parameters and mathematical
programming (MP) techniques to perform stiffness op-
timization of orthotropic-laminated composites. Haftka
and Walsh (1992) first and then Nagendra et al. (1992)
used integer programming techniques and lamination
parameters to carry out laminate stacking sequence
optimization under buckling and buckling and strain
constraints, respectively, on symmetric and balanced
laminated plates. However, integer programming tech-
niques usually require large computational resources as
problem complexity increases.

Fukunaga et al. (1995) used MP techniques and lami-
nation parameters to maximize buckling loads under
combined loading of symmetric laminates including
the effect of the flexural anisotropy. Their findings
highlighted that under shear and shear-normal loading

flexural anisotropy could increase or decrease the criti-
cal buckling load. Grenestedt (1991) performed lay-up
optimization of shear panels with and without flexural
anisotropy under buckling loads showing that the opti-
mum point was expected to be off axis.

An alternative to integer programming and MP is
the use of genetic algorithms (GAs). GAs are search
algorithms based on the mechanics of natural selection
and natural genetics (Goldberg 1989), which do not
require gradient information. GAs are widely used for
their ability to tackle search spaces with many local
optima (Coley 1999) and, therefore, a non-convex de-
sign space. This latter feature makes them suitable for
the discrete lay-up optimization (Le Riche and Haftka
1993). Nagendra et al. (1993, 1996) investigated the
application of a GA to the design of blade-stiffened
composite panels. VIPASA (Wittrick and Williams
1974) was used as the analysis tool and results were
compared with PASCO, which used VIPASA as the
analysis tool and CONMIN (Vanderplaats 1973) as
optimizer. Although it was concluded that the designs
obtained by the GA offered improved performance
over the continuous designs, the large computational
cost associated with GAs was recognized. Bushnell
(1987b) provided a different strategy using PANDA2
to find the minimum weight design of flat and
curved composite-stiffened panels. It was shown that
PANDA2 could handle structure dimensions, thick-
nesses and ply angles as design variables. Results
were compared with the literature and with STAGS
(Almroth and Brogan 1976). More recently, Liu et al.
(2006) employed VICONOPT to perform optimization
of composite-stiffened panels under strength, buckling
and practical design constraints. A bi-level approach
was adopted. VICONOPT was employed at the first
level to minimize the panel weight, employing equiv-
alent orthotropic properties for the laminates with con-
tinuous thickness, whereas at the second level, laminate
thicknesses were rounded up and associated with pre-
determined design lay-ups.

A combined strategy using MP techniques, GAs
and lamination parameters, was initially proposed by
Yamazaki (1996). The optimization was split into two
levels. Firstly, a gradient-based optimization was per-
formed using the lamination parameters as design vari-
ables. Secondly, the lamination parameters from the
first level were targeted using a GA. Among other
objectives, buckling load and natural frequencies of
a composite panel were optimized. Autio (2000) fol-
lowing a similar approach, investigated actual lay-ups.
A more sophisticated approach was formulated by
Todoroki and Haftka (1998) to maximize the buckling
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load of a composite plate. Their approach was also
divided into two levels. First, the lamination parameters
were used to identify the neighborhood of the optimum
design. Next, a response surface approximation was
created in that neighborhood and the GA was applied
to that approximation.

Diaconu and Sekine (2004) contributed to lay-up
optimization with the definition of the lamination
parameter feasible region. They performed lay-up op-
timization of laminated composite shells to maximize
the buckling load, using the lamination parameters
and including their feasible region. They defined the
relations between the membrane, coupling and bending
lamination parameters for ply angles restricted to 0˚,
90˚, 45˚ and −45˚. Although developed independently
from each other, their definition of the feasible region
for the lamination parameters was consistent with the
one provided by Liu and Haftka (2004) for only two
membranes and bending lamination parameters.

The authors’ previous work (Herencia et al. 2007),
based on a two-step optimization approach, which cou-
pled MP with GAs, showed that composite anisotropy
and, hence, elastic tailoring could be used to improve
structural performance of composite-stiffened panels.
Design constraints such as strength (failure at laminate
level), local and global buckling or practical design rules
were considered. Manufacturing details of the stiffener
were embedded within the optimization. This paper
extends that work and includes transverse shear prop-
erties, an approximation of the ply contiguity (referred
to as blocking) constraints in the first optimization step
to improve convergence towards practical laminate
designs, out-of-plane loads and failure strength at ply
level. The novelty of this paper lies in the new formula-
tion of the transverse shear properties and ply blocking
constraints as functions of the lamination parameters.

2 Superstiffener geometry and loading

The composite-stiffened panel is assumed to be wide
and composed of a series of skin-stiffener assemblies or
superstiffeners under combined loading (in-plane and
out-of-plane). Each superstiffener element consists of
three flat plates that are considered to be rigidly con-
nected (all degrees of freedom match at the interface),
corresponding to the skin, stiffener flange and stiffener
web, respectively. The behavior of the stiffened panel
is modeled by a single superstiffener element. Figure 1
defines the superstiffener geometry, material axis and
positive sign convention for the applied loading.

The geometry of the stiffener is affected by its
design and manufacturing process. Four different stiff-

ener configurations can be considered. The stiffener is
manufactured as a back to back angle (Fig. 2a), adding
capping plies in the stiffener flange (Fig. 2b) or extra
plies in the stiffener web (Fig. 2c) and, finally, the
combination of the previous configurations (Fig. 2d).

3 Laminate constitutive equations

The laminate constitutive equations for the skin (skin),
stiffener flange (sf ) and stiffener web (sw), are obtained
by considering transverse shear deformation (TSD)
(Berthlot 1998) in each of them. Thus:

⎡
⎣

N
M
Q

⎤
⎦ =

⎡
⎣

A B 0
B D 0
0 0 H

⎤
⎦

⎡
⎣

ε0

κ

γ 0

⎤
⎦ (1)

The above properties can be expressed in terms of
material stiffness invariants (U, U*) and 12 lamination
parameters (ξ) (e.g. Tsai and Hahn 1980). Laminates
are considered to be symmetric or mid-plane symmet-
ric; thus, the membrane–bending coupling matrix B will
vanish. This also reduces the number of the lamination
parameters to eight. In addition, individual plies are
assumed to be orthotropic and laminated at only 0˚, 90˚,
45˚ and −45˚ fibre angles. As a result, the lamination
parameters are further decreased to six. The mem-
brane, bending and transverse shear stiffness terms are
as follows:

⎡
⎢⎢⎢⎢⎢⎢⎣

A11

A12

A22

A66

A16

A26

⎤
⎥⎥⎥⎥⎥⎥⎦

= h

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ξ A
1 ξ A

2 0 0

0 0 −ξ A
2 1 0

1 −ξ A
1 ξ A

2 0 0

0 0 −ξ A
2 0 1

0 ξ A
3
2 0 0 0

0 ξ A
3
2 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

U1

U2

U3

U4

U5

⎤
⎥⎥⎥⎥⎦

(2)

⎡
⎢⎢⎢⎢⎢⎢⎣

D11

D12

D22

D66

D16

D26

⎤
⎥⎥⎥⎥⎥⎥⎦

= h3

12

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 ξ D
1 ξ D

2 0 0
0 0 −ξ D

2 1 0
1 −ξ D

1 ξ D
2 0 0

0 0 −ξ D
2 0 1

0 ξ D
3
2 0 0 0

0 ξ D
3
2 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

U1

U2

U3

U4

U5

⎤
⎥⎥⎥⎥⎦

(3)

⎡
⎣

H55

H45

H44

⎤
⎦ = 5h

6

⎡
⎢⎢⎣

1 − 1
2

(
3ξ A

1 − ξ D
1

)

0 − 1
2

(
3ξ A

3 − ξ D
3

)

1 1
2

(
3ξ A

1 − ξ D
1

)

⎤
⎥⎥⎦

[
U∗

1
U∗

2

]
(4)
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Fig. 1 Superstiffener element

 

 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

A

A'

cF

xyN

yN

x

y

o0

o90
o45

a

b

t
sft

swt

swh

Section AA’

sfb

P

swt io

sfb

Stiffener flange

Skin

Stiffener web

Superstiffener

The derivation of the laminate transverse shear
properties H is given in Appendix A. The material
stiffness invariants (U, U*) are given by:

⎡
⎢⎢⎢⎢⎣

U1

U2

U3

U4

U5

⎤
⎥⎥⎥⎥⎦

= 1

8

⎡
⎢⎢⎢⎢⎣

3 2 3 4
4 0 −4 0
1 −2 1 −4
1 −6 1 −4
1 −2 1 4

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

Q11

Q12

Q22

Q66

⎤
⎥⎥⎦ (5)

[
U∗

1
U∗

2

]
=

[ 1
2

1
2

1
2 − 1

2

][
Q44

Q55

]
(6)

The lamina stiffness properties (Qij) are related to
the ply Young’s moduli and Poisson’s ratios by the
following equations:

Q11 = E11

1 − ν12ν21
(7)
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Fig. 2 T-shaped stiffener types

Q12 = ν12 E22

1 − ν12ν21
(8)

Q22 = E22

1 − ν12ν21
(9)

Q21 = Q12 (10)

Q66 = G12 (11)

Q44 = G23 (12)

Q55 = G13 (13)

ν21 = ν12
E22

E11
(14)

The membrane and bending lamination parameters
are calculated, respectively, by the following integrals:

ξ A
[1 2 3] = 1

h

∫ h/2

−h/2

[
cos 2ϕ cos 4ϕ sin 2ϕ

]
dz (15)

ξ D
[1 2 3] = 12

h3

∫ h/2

−h/2

[
cos 2ϕ cos 4ϕ sin 2ϕ

]
z2dz (16)

4 Out-of-plane loading

Out-of-plane loading is caused by the action of lat-
eral pressure, the presence of initial geometric (bow

type) imperfections in the panel and eccentricities in
the applied in-plane loading. Out-of-plane loading is
manifested as a result of out-of-plane displacements
generated by non-linear bending moments, which even-
tually develop out-of-plane strains. The non-linear
bending moments are calculated using beam-column
theory (Timoshenko and Gere 1961) and following
Stroud and Anderson (1981). This implies that the
stiffened panel and, hence, the superstiffener behaves
as a wide column with simply supported or clamped
conditions along the width. The non-linear bending
moments are calculated at certain evaluation points
where they have a maximum value. For instance, an
evaluation point is located at the centre of the panel if
the panel is assumed simply supported or at the centre
and at one of the edges if the panel is assumed clamped.
Figure 3 shows the types of out-of-plane loading herein
considered. Bow and eccentricity are positive as shown
in Fig. 3.

4.1 Lateral pressure

The non-linear bending moment for a simply supported
beam under lateral pressure and in-plane loading at
the centre of the span (Timoshenko and Gere 1961) is
given by:

Mpc = Pa2

4bu2

(
1

cos (u)
− 1

)
(17)

with

u = a
2

√
−Fc

EIc
(18)1

The non-linear bending moments for a clamped
beam under lateral pressure and in-plane loading at the
centre of the span and at its edges (Timoshenko and
Gere 1961) are given by:

Mpc = Pa2

4bu2

(
u

sin (u)
− 1

)
(19)

Mpa = − Pa2

4bu2

(
1 − u

tan (u)

)
(20)

1Note that when u is imaginary, the non-linear bending moments
are still real since the trigonometric terms transform into hyper-
bolic functions.
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Fig. 3 Out-of-plane loading:
a lateral pressure with simply
supported conditions; b
lateral pressure with clamped
conditions; c eccentricity in
loading; and d initial
geometric imperfection
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4.2 Initial geometric imperfections

The initial geometric imperfections considered here are
the so-called bow type imperfections. The non-linear
bending moment for a simply supported beam with a
bow and in-plane loading at the centre of the span
(Timoshenko and Gere 1961) is as follows:

Mic = −Fcδ

1 − 4u2

π2

(21)

4.3 Eccentricities in loading

The non-linear bending moment in a simply supported
beam produced as a consequence of an eccentric-
ity in the in-plane loading at the centre of the span
(Timoshenko and Gere 1961) is as follows:

Mec = −Fce
cos (u)

(22)

Following Stroud and Anderson (1981), the expres-
sions for the combined non-linear bending moments at
the centre and at the edges of the stiffened panel are,
respectively:

Mc = Mpc + Mic + Mec (23)

Ma = Mpa + Mic + Mec (24)

As assumed by Stroud and Anderson (1981), these
non-linear bending moments are assumed to act over
the entire stiffened panel (superstiffener) length. They
are used to calculate the out-of-plane strains to assess
failure strength and the pre-buckling strains for buck-
ling analysis. Pre-buckling strains are only applied to
local buckling modes and not to global modes, as for the

latter, the non-linear bending moments tend to infinity.
Note that this analysis method provides an approxima-
tion of the non-linear behavior for the stiffened panel
mainly under the action of normal in-plane loading.

5 Optimization strategy

The optimization strategy (Herencia et al. 2007) is
shown in Fig. 4. The strategy consists of two steps. At
the first step, the optimum dimensions and lamination

1) Gradient-based 
 optimization

Loads Geometry
Material

properties

2) GA-based 
 optimization

Step-1
constraints

check

NO

YES

Final 
design

Step-1 constraints

Step-2 constraints

Fig. 4 Optimization flow chart
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parameters of the superstiffener element are obtained
by utilizing gradient-based techniques. At the second
step, a GA is used to target the optimum lamination
parameters from the previous step to obtain the actual
lay-ups for both the skin and the stiffener. Note that
after the second step the actual superstiffener is
checked against the first step constraints to verify its
feasibility and to guarantee overall convergence.

5.1 First step—gradient-based optimization

At this step, a non-linear constrained optimization is
performed. The basic mathematical optimization prob-
lem can be expressed as follows:

Minimize M (x)

Subject to Gi (x) ≤ 0 i = 1, . . . ., nc

xl
j ≤ x j ≤ xu

j j = 1, . . . ., nv

x = {x1, x2, . . . ., xn} (25)

In this case, the objective function is the mass of the
superstiffener element, the inequality constraints are
strength, local and global buckling and practical design
rules. The design variables, which depend on the stiff-
ener type, are the thicknesses of the skin, stiffener flange
and web and their related membrane and bending lami-
nation parameters. MATLAB (2006) is employed to
conduct the gradient-based optimization.

5.1.1 Objective function

The objective function is the mass of the superstiffener
element. The mass as a function of the design variables,
materials properties and geometry is given by:

M (x) = a
(
ρskin Askin (x) + ρstg Astg (x)

)
(26)

where the skin and stiffener areas are defined as
follows:

Askin = tb (27)

Astg = Asf + Asw = tsf b sf + tswhsw (28)

5.1.2 Design variables

The design variables (Herencia et al. 2007) for the
superstiffener element depending on the stiffener type
are listed in Table 1.

Note that the stiffener web laminate is not the same
as the web laminate. The stiffener web laminate is made
of two stiffener flange laminates for stiffener type a, is
equivalent to the stiffener flange laminate for stiffener
type b, and is composed of three sub-laminates (two

Table 1 Table of design variables

Stiffener type Design variables

Skin Stiffener flange Stiffener web

a ta
h bsf hsw

ξ
A,D
[1 2 3] ξ

A,D
[1 2 3]

t = h tsf = ta tsw = 2ta

b As stiffener type a, knowing that
tsf = ta tsw = ta

c ta tw
h bsf hsw

ξ
A,D
[1 2 3] ξ

A,D
[1 2 3] ξ

A,D
[1 2 3]

t = h tsf = ta tsw = 2ta + tw

d As stiffener type c, knowing that
tsf = 2ta

outer stiffener flange laminates and one inner web
laminate) for stiffener types c and d.

5.1.3 Design constraints

The following sections describe in detail the constraints
used for the optimization of the superstiffener element.

5.1.3.1 Lamination parameter feasible region The fea-
sible region for the membrane and bending lamination
parameters of a symmetric or mid-plane symmetric
laminate with ply angles restricted to 0˚, 90˚, 45˚ and
−45˚ (e.g. Miki and Sugiyama 1991) is given by:

2
∣∣∣ξ A,D

1

∣∣∣ − ξ
A,D

2 − 1 ≤ 0 (29)

2
∣∣∣ξ A,D

3

∣∣∣ + ξ
A,D

2 − 1 ≤ 0 (30)

In addition, the bounds that define the interaction
between the membrane and bending lamination para-
meters (Diaconu and Sekine 2004) are given as follows:

(
ξ A

i − 1
)4 − 4

(
ξ D

i − 1
) (

ξ A
i − 1

) ≤ 0 i = 1, 2, 3

(31)

(
ξ A

i + 1
)4 − 4

(
ξ D

i + 1
) (

ξ A
i + 1

) ≤ 0 i = 1, 2, 3

(32)

(
2ξ A

1 − ξ A
2 − 1

)4

− 16
(
2ξ D

1 − ξ D
2 − 1

) (
2ξ A

1 − ξ A
2 − 1

) ≤ 0 (33)
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(
2ξ A

1 + ξ A
2 + 1

)4

− 16
(
2ξ D

1 + ξ D
2 + 1

) (
2ξ A

1 + ξ A
2 + 1

) ≤ 0 (34)

(
2ξ A

1 − ξ A
2 + 3

)4

− 16
(
2ξ D

1 − ξ D
2 + 3

) (
2ξ A

1 − ξ A
2 + 3

) ≤ 0 (35)

(
2ξ A

1 + ξ A
2 − 3

)4

− 16
(
2ξ D

1 + ξ D
2 − 3

) (
2ξ A

1 + ξ A
2 − 3

) ≤ 0 (36)

(
2ξ A

3 − ξ A
2 + 1

)4

− 16
(
2ξ D

3 − ξ D
2 + 1

) (
2ξ A

3 − ξ A
2 + 1

) ≤ 0 (37)

(
2ξ A

3 + ξ A
2 − 1

)4

− 16
(
2ξ D

3 + ξ D
2 − 1

) (
2ξ A

3 + ξ A
2 − 1

) ≤ 0 (38)

(
2ξ A

3 − ξ A
2 − 3

)4
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(
2ξ D

3 − ξ D
2 − 3

) (
2ξ A

3 − ξ A
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) ≤ 0 (39)

(
2ξ A

3 + ξ A
2 + 3

)4

− 16
(
2ξ D
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2 + 3

) (
2ξ A
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) ≤ 0 (40)

(
ξ A
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)4
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(
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) (
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1 − ξ A
3 − 1

) ≤ 0 (41)

(
ξ A

1 + ξ A
3 + 1

)4

− 4
(
ξ D

1 + ξ D
3 + 1

) (
ξ A

1 + ξ A
3 + 1

) ≤ 0 (42)

(
ξ A

1 − ξ A
3 + 1

)4
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(
ξ D

1 − ξ D
3 + 1

) (
ξ A

1 − ξ A
3 + 1

) ≤ 0 (43)

(
ξ A

1 + ξ A
3 − 1

)4

− 4
(
ξ D

1 + ξ D
3 − 1

) (
ξ A

1 + ξ A
3 − 1

) ≤ 0 (44)

Those constraints are applied to the skin, stiffener
flange and web laminates, respectively.

5.1.3.2 Strength constraints Failure strength at lam-
inate level (Herencia et al. 2007) and at ply level
(e.g. Kogiso et al. 1994) are considered. The applied
longitudinal loads for the skin, stiffener flange and
stiffener web, are calculated by adding the in-plane

and out-of-plane strains (Stroud and Anderson 1981).
Thus:

Ni
x = hEi

x

(
εin

xi + εm
xi

)
i = skin, sf, sw; h = t, tsf , tsw

(45)

The in-plane applied strains are given by:

εin
xi = Fc

Ei
x Ai

i = skin, sf, sw (46)

The out-of-plane strains are developed by the non-
linear bending moments as a consequence of the out-
of-plane loading. Thus:

εm
xi = Mm

EIc
zi i = skin, sf, sw; m = a, c (47)

where zi is the vertical distance measured from the
superstiffener centroid to the extreme fibres of the skin,
stiffener flange and stiffener web, respectively.

If the stiffened panel is simply supported along the
width, the out-of-plane strains are calculated at the
centre of the panel, hence Mm is equal to Mc. When
the stiffened panel presents clamped conditions along
the width, the out-of-plane strains are evaluated at the
centre and at the edges of the panel. Thus, Mm is equal
to Mc or Ma, respectively. Note that the out-of-plane
strains are only calculated in the longitudinal direction
of the stiffened panel.

The shear loads are applied to the skin directly and
produced in the stiffener web as a result of lateral
pressure (Bushnell and Bushnell 1994). Hence, the
shear loads for the stiffener flange and stiffener web,
respectively, are given by:

Nsf
xy = Nskin

xy
tsf Gsf

xy

tGskin
xy + tsf Gsf

xy

(48)

and

Nsw
xy = Pba

2hsw
(49)

a. Failure strength at laminate level The magnitude of
the strain taken by the laminate in tension, com-
pression and shear in the x, y and xy directions,
respectively, is limited by an allowable strain value.
Laminate strains for the skin, stiffener flange and
stiffener web, are calculated by the classical lami-
nate theory (CLT) (Jones 1999). Therefore:
⎡
⎢⎣

ε0
x

ε0
y

ε0
xy

⎤
⎥⎦ =

⎡
⎣

A11 A12 A16

A12 A22 A26

A16 A26 A66

⎤
⎦

−1 ⎡
⎣

Nx

Ny

Nxy

⎤
⎦ (50)
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The laminate strength load factor is given by the
ratio between the allowable and applied strain. Hence:

λ
j
i = ε

j
ai

ε
0 j
i

i = x, y, xy; j = T, C (51)

where T and C denote tension and compression,
respectively.

Failure strength at laminate level for both the ten-
sion and compression cases is implemented as con-
straints as follows:

1

λ
j
i

− 1 ≤ 0 i = x, y, xy; j = T, C (52)

These constraints are applied to the skin, stiffener
flange and stiffener web laminates, respectively.

b. Failure strength at ply level The maximum strain
criterion (Jones 1999) is used to assess failure
strength at ply level. Ply angle strains in tension,
compression and shear in 1, 2 and 12 directions,
respectively, are restricted not to exceed an allow-
able strain value. The CLT is used to calculate the
strains in the ply angle directions. Thus:
⎡
⎣

εα1

εα2

εα12

⎤
⎦ =

⎡
⎣

m2 n2 mn
n2 m2 −mn

−2mn 2mn m2 − n2

⎤
⎦

⎡
⎣

ε0
x

ε0
y

ε0
xy

⎤
⎦ (53)

where m = cos ϕ, n = sin ϕ and α = 0, 90, 45, −45.

The ply strength load factor is defined by the ratio
between the allowable and applied ply angle strain.
Therefore:

λ
j
αi = ε

j
aαi

ε
j
αi

α = 0, 90, 45, −45; i = 1, 2, 12; j = T, C

(54)

Failure strength at ply level for both the tension and
compression cases is defined as constraints as follows:

1

λ
j
αi

− 1 ≤ 0 α = 0, 90, 45, −45; i = 1, 2, 12; j = T, C

(55)

These constraints are applied to each of the
skin, stiffener flange and stiffener web ply angles,
respectively.

5.1.3.3 Buckling constraints Local and global buck-
ling constraints for the anisotropic composite-stiffened
panels are evaluated by finite element (FE) analysis
(Herencia et al. 2007). Local buckling constraints

comprise: failure of the skin, failure of the stiffener
web and the skin-stiffener interaction. Global buckling
constraints comprise the overall failure of the stiffened
panel.

MD NASTRAN (2006) is used to perform linear
buckling analysis (SOL 105) (Lee 2003). The super-
stiffener is modeled using quadrilateral elements with
four nodes (CQUAD4). A minimum of five nodes
are used per half wavelength (Lee 2003). The skin,
stiffener flange and stiffener web dimensions and their
membrane, bending and transverse shear properties
are introduced using PSHELL and MAT2 cards. Rigid
body elements (RBE2s) are employed to simulate rigid
connections and to account for the offsets between the
skin and the stiffener flange and the stiffener flange
and the stiffener web, respectively. The superstiffener is
assumed to be simply supported along the short edges
and restrained in longitudinal rotation along the long
edges. This rotation provides symmetry (or continu-
ity) conditions and simulates that the stiffened panel
consists of a series of superstiffener elements. Normal
loading is introduced via RBE2 elements, transverse
and shear loading using nodal forces and out-of-plane
loading is applied by opposite and equal moments along
the width to produce the pre-buckling strains. This
FE modeling technique captures both local and global
buckling behaviors of an anisotropic stiffened panel.
Figures 5 and 6 show in detail the features of the FE
modeling.

Buckling load factors are calculated with and without
the influence of out-of-plane loading as certain loading
conditions may stabilize the skin and create instabil-
ity in the stiffener web or vice versa. Furthermore,
pre-buckling strains are only applied to local buckling
modes so global buckling is the asymptote of the panel’s
behavior. Note that the longitudinal bending stiffness
of the superstiffener (EIc) is determined numerically by
FE.

5.1.3.4 Practical design constraints Practical design con-
straints are taken from Herencia et al. (2007). The de-
sign constraints are described in the following sections.

a. Percentages of ply angles The percentages of the
ply angles are directly proportional to the volume
fraction of the plies that constitute the laminate
and, hence, are directly related to its membrane
lamination parameters (Tsai and Hahn 1980). For
composite design, Niu (1992) proposed that at least
10% of each ply orientation should be provided.
The maximum and minimum percentages of the
ply angles for the skin, stiffener flange and stiffener
web are limited. The percentages of the 0˚, 90˚, 45˚



Optimization of anisotropic composite panels 175

Fig. 5 Superstiffener FE
model with boundary
conditions

Rotation in x is 
constrained along the long edges
(symmetry condition) 

Displacement in z is
constrained along the short edges
(simply supported condition)

Rotation in x is 
constrained along the long edges
(symmetry condition) 

Displacement in z is
constrained along the short edges
(simply supported condition)

and −45˚ ply angles for each of those elements are
given by:

pα = 2tα
h

100 α = 0, 90, 45, −45; h = t, tsf , tsw

(56)

The maximum and minimum percentages of the 0˚,
90˚, 45˚ and −45˚ ply angles are implemented in terms
of design constraints as follows:

1 − pmax
α

pα

≤ 0 (57)

pmin
α

pα

− 1 ≤ 0 (58)

b. Skin-stiffener flange Poisson’s ratio mismatch The
reduction of the Poisson’s ratio mismatch is critical
in composite-bonded structures (Niu 1992). The
difference between the skin and the stiffener flange
Poisson’s ratio is limited by a small number ζ to
reduce the mismatch. An acceptable value of ζ is
assumed to be 0.05. The Poisson’s ratio mismatch

Fig. 6 Superstiffener FE
model with in-plane and
out-of-plane loading

Shear loading 
(nodal forces)

Normal loading
(RBE2s force at  
skin-stiffener centroid)

Offsets 
(RBE2s skin-stiffener flange 
and stiffener flange-stiffener web)

Out-of-plane loading 
(RBE2s moment at 
skin-stiffener centroid)

Shear loading 
(nodal forces)

Normal loading
(RBE2s force at  
skin-stiffener centroid)

Offsets 
(RBE2s skin-stiffener flange 
and stiffener flange-stiffener web)

Out-of-plane loading 
(RBE2s moment at 
skin-stiffener centroid)
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design constraint between the skin and the stiffener
flange is given by:
∣∣∣νskin

xy − νsf
xy

∣∣∣ − ζ ≤ 0 (59)

c. Skin gauge The minimum skin gauge is usually
related to the danger of a puncture due to light-
ning strike (Niu 1992). Skin gauge is considered by
limiting the maximum and minimum skin thickness.
Thus, the design constraints for the skin gauge are
as follows:

1 − tmax

t
≤ 0 (60)

tmin

t
− 1 ≤ 0 (61)

d. Ply blocking The maximum number of plies (p)

with the same orientation that can be stacked to-
gether is limited. This design constraint provides an
approximation for the bending lamination parame-
ter

(
ξ D

2

)
by calculating a practical bending lamina-

tion parameter
(
ξ D

2p

)
. This constraint is relaxed by

a tolerance (η). Thus:

ξ D
2p (p, υα) − η ≤ ξ D

2 α = 0, 90 (62)

where the practical bending lamination parameter
depends on the maximum number of plies of the
same orientation that can be stacked together and
the volume fraction of the 0˚ and 90˚ plies. Further
details of the derivation of this constraint are found
in Appendix B.

Haftka and Walsh (1992) used a maximum of four
plies with the same fibre angle stacked together to
prevent matrix cracking. Hence, for this paper, p is
equal to 4. For this work, an acceptable value of η is
assumed to be 0.1.

5.1.4 Sensitivities

Failure strength, lamination parameter and practical
design constraints sensitivities (Vanderplaats 2001) are
calculated by the forward finite difference approxima-
tion given by:

∂Gi (x)

∂xj
= Gi

(
x + �xj

) − Gi (x)

�xj
(63)

h
1θ 2θ … …

n−1θ nθ
=1,2,3,4,5,6,7iθ

Fig. 7 Gene with chromosomes for the skin

Stiffener types a-b

at 1ψ 2ψ … …
m−1ψ mψ

1,2,3,4,5,6,7=iψ

Stiffener types c-d

at 1ψ 2ψ … …
m−1ψ mψ

wt 1φ 2φ …… q−1φ qφ

1== ii φψ 1,2,3,4,5,6,7

Fig. 8 Genes with chromosomes for the different stiffener types

where �xj is a small perturbation times the jth design
variable. After a trial error exercise, a suitable step size
for the perturbation was determined as 0.0001.

Buckling load factor or eigenvalue sensitivities are
computed in MD NASTRAN using the design sensi-
tivity and optimization solution (SOL 200) (Johnson
2005). Accounting for the pre-buckling state due to
out-of-plane loading, the expression for the eigenvalue
sensitivities is as follows:

∂λi

∂x j
= −

�i
T

(
∂[K+Kdp]

∂x j
+ λi

∂Kd
∂x j

)
�i

�i
TKd�i

(64)

5.2 Second step—GA-based optimization

A standard GA (e.g. Gürdal et al. 1999) is employed
at this step to solve the discrete lay-up optimization
problem. The lamination parameters from the first opti-
mization step are targeted to obtain the laminate stack-
ing sequences for the skin, stiffener flange and web,
respectively. The GA is applied separately to the skin,
stiffener flange and web. The structure of a standard
GA is well reported in the literature (e.g. Coley 1999;
Gürdal et al. 1999). The GA used in this paper includes
the following operators: initial population, evaluation,
crossover, reproduction, mutation and elitism.

5.2.1 Fitness function

The fitness function is expressed in terms of the squared
differences between the optimum and actual lamination
parameters (Diaconu and Sekine 2004). Thus:

f
(
y
)=

3∑
i=1

w f A
i

(
ξ A

i − ξ A
iopt

)2+
3∑

i=1

w f D
i

(
ξ D

i − ξ D
iopt

)2

(65)
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Table 2 Superstiffener properties from Liu et al. (2006)

M (kg) a (mm) b (mm) bsf (mm) hsw (mm) Lay-up 0%/±45%/90%

1.60 770 165 75 60 Skin (18 plies) Skin
[45/−45/03/90/02/45/ 56/33/11
−45/02/90/03/45/−45]T Stiffener flange
Stiffener flange (32 plies) 62/28/10
[(±45/03)2/90/03/±45]S Stiffener web
Stiffener web (29 plies) 56/38/6
[(±45/03)2/90/03/90]MS

The lamination parameter weighting factors (wf A,D
i )

were taken to be equal to 1 so that the membrane
and bending lamination parameters can have the same
impact on the fitness function.

5.2.2 Design constraints

Ply contiguity constraints are applied by adding extra
penalty terms in (65). Thus:

g
(
y
) =

4∑
i=1

�i (66)

where �i is the ith penalty term related to the maximum
number of plies of the same orientation that can be
stacked together (p). As stated in Section 5.1.3.4.d the
value of p is equal to 4. When p > 4, the value of �i is
1, otherwise it is 0.

In addition, if required, a set of ±45˚ plies can be
located at the outer surface of the laminate. This design
constraint is enforced during the generation of the
initial population.

5.2.3 Genes and chromosomes

The design variables are the thicknesses and the 0˚,
90˚, 45˚ and −45˚ ply angles that constitute the lam-
inate stacking sequences for the skin, stiffener flange
and web, respectively (Herencia et al. 2007). Those
variables are encoded and modeled as chromosomes
in genes within the GA. The corresponding encoded
chromosomes to ply angles are: 1, 2, 3, 4, 5, 6 and 7 for
±45˚, 90◦

2, 0◦
2, 45˚, −45˚, 90˚ and 0˚, respectively. Figure 7

shows the modeling of the skin gene. The total skin
thickness is given by h, the encoded ply angle is θ and
n corresponds to half or half plus one plies depending
on whether the skin laminate is symmetric or mid-plane
symmetric.

The modeling of the genes for the stiffener flange
and web depending on the stiffener type are shown in
Fig. 8. The variables ta and tw are defined in Table 1
where ψ and φ are the encoded ply angles for the
stiffener flange and web, respectively, and m and q are

half or half plus one plies depending on whether the
stiffener flange and web laminates are symmetric or
mid-plane symmetric.

6 Numerical examples

An optimized stiffened panel with blade stiffeners
with in-plane and out-of-plane loading and under
strength, buckling and practical design constraints was
taken from Liu et al. (2006) for comparison purposes
and is shown in Table 2. The stiffened panel was
made of CFRP IM tape with the following prop-
erties: E11 = 131,000 N/mm2, E22 = 7,100 N/mm2,
G12 = 3,500 N/mm2, v12 = 0.3, tp = 0.184 mm and
ρ = 1.584·10−6 kg/mm3. The corresponding loading ex-
perienced by the superstiffener was: Fc = −315,150 N,
Nxy = 100 N/mm and P = −0.109 N/mm2. The stiffened
panel was designed to maintain a strain level below
3,600 micro-strains (με) in compression. The stiffened
panel was assumed to have clamped support conditions
under the pressure loading.

First, the strength and buckling methods described in
Sections 5.1.3.2–3, were used to evaluate the optimum
design from Liu et al. (2006). Table 3 provides the
strength and buckling load factors (with and without
transverse shear effects). Note that Liu et al. (2006)
assessed failure strength at laminate level. Good corre-
lation is found between the methods herein presented
and the results reported by Liu et al. (2006), which
used VICONOPT. It is observed that the buckling
load factor obtained with FE is approximately 4.7%
lower (no transverse shear) than the one provided
by VICONOPT, corresponding to the critical buckling
mode for the local skin-stiffener interaction. It is also

Table 3 Strength and buckling load factors

Liu et al. (2006) Present

λb
Neglecting transverse shear 1.06 1.01
Including transverse shear – 0.86

λs – 0.98 0.99
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Table 4 Optimum superstiffener type b designs under strength, buckling, practical design and ply contiguity constraints

Mc/Md (kg) λb λs bsf (mm) hsw (mm) Lay-up 0%/±45%/90%

1.52/1.57 1.10 0.99 72 57.96 Skin (18 plies) Skin
[±45/90/03/−45/02]S 56/33/11
Stiffener (31 plies) Stiffener
[(±45)2/(04/90)2/0/0]MS 61/26/13

1.58/1.61 1.06 0.98 72.01 57.94 Skin (19 plies) Skin
[±45/90/0/−45/04/45]MS 53/37/10
Stiffener (31 plies) Stiffener
[(±45)2/02/45/03/90/04/90]MS 58/32/10

observed that when transverse shear effects are in-
cluded, the buckling load factor is significantly reduced
(approximately 14.9%). It is clearly seen that in this
specific case, the buckling load factors calculated with
FE lead to conservative results. Buckling load factors
were also evaluated assuming the shear load in the skin
as a dead load (load that is not affected by the buckling
load factor). Analysis showed a maximum difference of
approximately 0.2% between live and dead shear loads.
When transverse shear properties were calculated, it
was assumed that each ply was transversely isotropic
(Datoo 1991). In addition, buckling load factors were
calculated using the transverse shear properties as
shown in Section 3 via PSHELL with MAT2 cards and
PCOMP cards in MD NASTRAN. It was observed that
the results correlated well, showing small discrepancies
(maximum of approximately 1.4%) although on the
conservative side. On the other hand, the strength load
factor calculated herein is 1% higher than the one given
by VICONOPT.

Next, the two-step optimization was applied to the
problem described by Liu et al. (2006). The stiffener
type b was selected to perform the optimization due to
its resemblance to the blade stiffener used by Liu et al.
(2006). At the first step, the minimum skin thickness
was defined as 3.312 mm (18 plies), the minimum width
of the stiffener flange was bounded to 68 mm and
the minimum percentage of each ply angles was set to
10. Gradient-based optimization was performed under
strength, buckling and ply contiguity constraints. At the
second step, a GA code was used with a population
of 40, 200 generations, a 0.7 probability of crossover,
a 0.05 probability of mutation with all weighting factors
for the lamination parameters equal to 1, ply contiguity
constraints and locating at least one set of ±45˚ plies
at the outer surface of the skin and stiffener laminates.
Note that the maximum number of plies stacked to-
gether used by Liu et al. (2006) was 3, whereas in this
paper it is 4. The results are collected in Table 4. Con-
tinuous (Mc) and discrete (Md) masses are provided.
The first and second designs neglected and considered
transverse shear effects, respectively. Appendix C pro-

vides the thicknesses and lamination parameters for the
first and second optimization steps. It is observed that a
good correlation between the lamination parameters at
both steps exists.

These results show a potential mass saving of ap-
proximately 1.9% for the first optimum superstiffener
design when compared with the optimum design re-
ported by Liu et al. (2006). It is of particular interest
to note that the continuous designs of the optimum
superstiffeners are significantly lighter than the one
obtained by Liu et al. (2006) (approximately 5% and
1.3% for the first and second designs, respectively). The
reason for this is because this two-step optimization
explored more laminates during the optimization than
Liu et al. (2006). The skin and stiffener laminates were
targeted to have 60/30/10 percentages of the 0˚, ±45˚
and 90˚ plies by Liu et al. (2006) whereas this two-
step optimization did not aim at specific laminate per-
centages. However, this two-step optimization and Liu
et al. (2006) obtained the same laminate percentages
for the skin when transverse shear effects were not
considered. The second optimum superstiffener design,
which was obtained considering transverse shear ef-
fects, was approximately 2.5% and 0.6% heavier than
the first optimum superstiffener design and the one
found by Liu et al. (2006). Note that Liu et al. (2006) did
not include transverse shear effects. Although difficult
to assess, it is important to note that the maximum
number of plies that can be stacked together and the
manufacturing process for the stiffener have an impact
on the optimum design and, hence, on the mass. Fur-
thermore, examining the critical load factors, it is seen
that this example is mainly driven by the strength in

Table 5 Axial load transfer, stiffness and area ratios

Fskin
Fstg

Eskin
x

Estg
x

Askin
Astg

Liu et al. (2006) 0.66 0.96 0.72
First design (Table 4) 0.65 0.93 0.74
Second design (Table 4) 0.69 0.93 0.78
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Table 6 Superstiffener properties from Herencia et al. (2007)

Mc/Md (kg) λb λs bsf (mm) hsw (mm) Lay-up 0%/±45%/90%

2.74/2.89 1.07 1.00 60.01 69.95 Skin (59 plies) Skin
[(±45)2/453/902/(±45/04)2/45/ 53/37/10
04/45/02/90/0/0]MS Stiffener
Stiffener (31 plies) 61/26/13
[±45/90/−45/04/45/04/90/0/0]MS

the longitudinal direction. Hence, the optimum super-
stiffener laminates do not significantly benefit from
flexural anisotropy. Note that the shear loading is small
in comparison to the normal loading. For other cases,
elastic tailoring effects have shown substantial gains
(e.g. Herencia et al. 2007). Additionally, it was ob-
served that ply contiguity constraints at the first step
were not active and, hence, did not have an influence of
the optimum design.

Table 5 shows the axial load transfer, in-plane stiff-
ness and area ratios between the skin and the stiffener
for Liu et al. (2006) and the optimum designs presented
in this paper. It is clearly seen that for the same stiffness
ratio an increase in the axial load transfer leads to a
higher area ratio and, therefore, to a heavier solution.
Note that the out-of-plane loads experienced by the
superstiffener are transformed into in-plane loads in
each of the superstiffener’s laminates. Hence, the forces
in each of the superstiffener’s laminates are functions of
their areas and their membrane properties. In addition,
the mass of the superstiffener is a function of its area.
Therefore, the effect of the axial load transfer on the
superstiffener mass is related to the superstiffener’s
area. Note that as the skin becomes thinner it generally
becomes less stiff and decreases its load transfer. This
might happen for local buckling (buckling of the skin
and skin-stiffener interaction) where the skin tends to
be less stiff and the loss in load-carrying capability is
overcome by increasing the stiffness and/or the area of
the stiffener.

In addition, an optimum design corresponding to
an anisotropic stiffened panel with T-shaped stiffen-
ers (stiffeners type a) under strength, buckling, prac-
tical design and ply contiguity constraints was taken
from Herencia et al. (2007) to assess the influence of
failure strength at laminate and ply levels. For this

example, the stiffened panel was made of AS4/3502
with the following properties: E11 = 127,553.8 N/mm2,
E22 = 11,307.47 N/mm2, G12 = 5,998.48 N/mm2,
v12 = 0.3, tp = 0.132 mm and ρ = 1.578·10−6 kg/mm3. The
superstiffener loading was: Fc = −711,716.13 N and
Nxy = −875.63 N/mm. Neither out-of-plane loading
nor transverse shear effects were considered. Table 6
shows the selected superstiffener design. Table 7 lists
the strength load factors for the 0˚, 90˚, 45˚ and −45˚
plies for the skin, stiffener flange and stiffener web. Ply
strain allowables are assumed to be 3,600 με in tension
and compression in 1 and 2 directions and 7,200 με in
shear (12 directions). From these results, it is clearly
seen that there are other plies that fail apart from
the 0˚ plies. Note that designing for failure strength
at laminate level involves limiting the strains in the
0˚ ply in 1, 2 and 12 directions. This is because the
material axis of the 0˚ plies aligns with the laminate
axis (plate). In addition, it is observed that the lowest
strength load factor corresponds to the ±45˚ plies in
1 and 2 directions, respectively. This is believed to be
because the skin contains membrane anisotropy, which
implies that the skin laminate shears under tension or
compression load. Note also that the lowest strength
load factor reported by Herencia et al. (2007), which
was initially in the stiffener, is now in the skin due
to its membrane anisotropy. This suggests that if the
laminate exhibits membrane anisotropy, special care
should be taken when designing for strength as failure
at laminate level might not capture completely the ply
failure phenomena.

Accordingly, this two-step optimization was applied
to the example of Herencia et al. (2007) with the dif-
ference that failure strength was assessed at ply level
instead of at laminate level. The results are presented in
Table 8. For this example, it is clearly seen that failure

Table 7 Strength load factors
for each ply angle and
laminate

ϕ(◦) Skin Stiffener flange Stiffener web

λ1
s λ2

s λ12
s λ1

s λ2
s λ12

s λ1
s λ2

s λ12
s

0 1.08 1.61 1.09 1.00 3.29 1.42 1.00 3.29 –
45 0.93 1.31 1.29 0.95 2.83 1.53 2.85 2.85 1.53
−45 1.31 0.93 1.29 2.83 0.95 1.53 2.85 2.85 1.53
90 1.61 1.08 1.09 3.29 1.00 1.42 3.29 1.00 –
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Table 8 Optimum superstiffener type a design under failure strength at ply level, buckling, practical design and ply contiguity
constraints

Mc/Md (kg) λb λs bsf (mm) hsw (mm) Lay-up 0%/±45%/90%

2.85/2.95 1.09 0.98 59.96 69.92 Skin (67 plies) Skin
[±45/45/902/45/±45/45/(45/03)2 51/39/10
/0/90/02/45/04/−45/04/±45/90]MS Stiffener
Stiffener (25 plies) 56/32/12
[±45/90/03/±45/04/90]MS

strength at ply level has an associated mass penalty of
approximately 2.1%. Note that the new optimum de-
sign places more ±45˚ plies in the skin whilst removing
plies from the stiffener to keep the mass to a minimum.
Appendix C gives the thicknesses and lamination para-
meters for the first and second optimization steps. Once
again, it is observed that a good correlation between the
lamination parameters at both steps exists.

7 Conclusions

A two-step method to optimize anisotropic composite
panels with T-shaped stiffeners based on the authors’
previous work (Herencia et al. 2007) including new
formulations of the transverse shear properties and ply
blocking constraints as functions of the lamination
parameters was presented. At the first step, and for
computational efficiency, a single superstiffener ele-
ment representing the stiffened panel was optimized
using MP. The superstiffener’s laminates were char-
acterized using lamination parameters accounting for
their membrane and flexural anisotropy and trans-
verse shear stiffness. The superstiffener was subjected
to combined in-plane and out-of-plane loading under
strength (failure at laminate and ply levels), buckling,
practical design and ply blocking constraints. The su-
perstiffener’s laminates were assumed to be symmetric
or mid-plane symmetric laminates with ply angles re-
stricted to 0˚, 90˚, 45˚ or −45˚. The optimum dimensions
and lamination parameters for the superstiffener were
obtained. At the second step, a GA code was used to
target the optimum lamination parameters to find the
actual lay-ups for the superstiffener’s laminates (skin,
stiffener flange and web) considering ply contiguity and
the stiffener manufacture.

Buckling load factors were calculated using PCOMP
cards and PSHELL with MAT2 cards employing the
new formulations of the transverse shear properties in
MD NASTRAN. Excellent correlation in results was
found. The maximum difference for the case tested
was 1.4%, being on the conservative side. For the
cases studied, it was observed that the ply blocking
constraints were not active and, therefore, did not

influence the continuous optimum design. Neverthe-
less, these constraints are expected to influence the
design when high percentages of 0˚ or 90˚ plies are
needed and buckling is an active constraint.

The two-step optimization described was compared
well with other work. It showed a potential mass sav-
ing of approximately 1.9% with respect to the opti-
mized stiffened panels reported by Liu et al. (2006).
It was also shown that the mass penalty associated
with transverse shear was approximately 2.5% and that
neglecting transverse shear effects might invoke earlier
buckling failure. For the case considered, the buckling
load factor decreased by approximately 14.9%. Fur-
thermore, failure strength at ply level was assessed
and implemented at the first optimization step. It was
shown that if the composite-stiffened panel contained
membrane anisotropy it could fail in plies other than
the 0˚ plies, if it was designed for failure strength at
laminate level. Thus, special consideration should be
taken at the design stage. For the example presented,
it was shown that assessing failure strength at ply level
had a mass penalty of approximately 2.1%.

In addition, good agreement was found between the
lamination parameters at the first and second optimiza-
tion steps. Although this two-step optimization was an
FE-driven optimization at the first step, the computa-
tional cost associated was affordable.

Note that the new developments contained in this
paper such as transverse shear properties or ply block-
ing constraints as functions of the lamination parame-
ters, are general and could be applied by their own to
other work or studies.
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Appendix A: Laminate transverse shear properties

The transverse shear stresses are assumed to adopt a
parabolic distribution through the laminate thickness to
determine the transverse shear resultants (1). A contin-
uous weighting function f (z) (Vinson and Sierakowski
1986) is applied instead of maintaining continuity at the
interface of each ply. Thus:

σ i
xz =

(
Q

i
55γ

0
xz + Q

i
45γ

0
yz

)
f (z) (67)

σ i
yz =

(
Q

i
45γ

0
xz + Q

i
44γ

0
yz

)
f (z) (68)

with

f (z) = 5

4

(
1 −

(
2z
h

)2
)

(69)

Q
i
55 = U∗

1 − U∗
2 cos 2ϕ (70)

Q
i
44 = U∗

1 + U∗
2 cos 2ϕ (71)

Q
i
45 = −U∗

2 sin 2ϕ (72)

The transverse shear resultants are calculated inte-
grating those stresses through the laminate thickness.
Therefore:

Qx = 5

4
γ 0

xz

⎛
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∫ h/2

−h/2
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1 dz −
∫ h/2
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1

(
4z2

h2

)
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∫ h/2
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(
4z2
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)
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⎞
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⎞
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Qy = 5
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In addition, the transverse shear resultants can be
expressed as follows:

Qx = H55γ
0
xz + H45γ

0
yz (75)

Qy = H45γ
0
xz + H44γ

0
yz (76)

The laminate transverse shear properties are ob-
tained by employing the definition of lamination

parameters from (15) to (16), rearranging and simpli-
fying terms in (73), (74), (75) and (76). Hence:

H55 = 5h
6

(
U∗

1 − 1

2

(
3ξ A

1 − ξ D
1

)
U∗

2

)
(77)
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2
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3

)
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2

)
(78)
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6

(
U∗

1 + 1

2

(
3ξ A

1 − ξ D
1

)
U∗

2

)
(79)
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Note that when the laminate exhibits isotropy the
properties above are multiplied by 5

6 , which is the
transverse shear factor presented by Reissner (1945)
for homogeneous, isotropic materials.

Appendix B: Ply blocking constraints

The ply blocking constraints are derived based on the
fact that under normal buckling the ±45˚ plies will tend
to group towards the outside of the laminate surface so
as to maximize buckling resistance. It is assumed that
0˚ and 90˚ plies will block between each other and the
excess will be blocked by the ±45˚ plies. Homogeneity
and linear properties are assumed in the laminate zone
where ply angles are mixed. The volume fraction of a
ply angle can be defined as a function of the total and
ply angle thickness. Therefore:

υα = 2tα
h

α = 0, 90, 45, −45 (80)

If υ90 > υ0, the volume fraction of the 90˚ plies
remaining after blocking the 0˚ plies is given by:

υ∗
90 = υ90 − pυ0 (81)

where p is the maximum number of plies of the same
orientation that can be stacked together.

The volume fraction of the ±45˚ plies remaining
after blocking the already left (unblocked) 90˚ plies is
determined by:

υ∗
45 = υ45 − υ∗

90

p
(82)

At the zone of mixed plies, homogeneity and linear-
ity in properties are applied to identify a smeared (or
average) ply angle (β), hence:
(

(−1)
υ∗

90

p
+ (1) υ∗

90

)

= cos 4β

((
1 − υ∗

45

) −
(

υ∗
90 + υ∗

90

p

))
(83)

Substituting (81) and (82) in the above expression
and rearranging, it is found that:

cos 4β = p − 1

p + 1
(84)

The expression of the “practical” bending lamination
parameter calculated as a function of the volume frac-
tion of the ply angles is given by:

ξ D
2p =

3∑
k=1

cos 4ϕk
(
υ3

i − υ3
i−1

)
(85)

Substituting the volume fractions and the ply angles
in the above expression, it can be demonstrated that:

ξ D
2p = (−1)

(
1 − (

1 − υ∗
45

)3
)

+ cos 4β
((

1 − υ∗
45

)3 − (
υ90 + υ0 − υ∗

90

)3
)

+ (1)
((

υ90 + υ0 − υ∗
90

)3
)

(86)

Thus, substituting (84) into (86), reorganizing and
simplifying gives:

ξ D
2p = −1 + 2 (1 + p)2

p2
υ3

90 + 2 (1 + p)2 υ3
0 (87)

Similarly, if υ0 > υ90, it can be demonstrated that:

ξ D
2p = −1 + 2 (1 + p)2

p2
υ3

0 + 2 (1 + p)2 υ3
90 (88)

Finally, following Tsai and Hahn (1980), the volume
fractions of the ply angles can be expressed as functions
of the membrane lamination parameters as follows:

υ0 = 1

4

(
1 + ξ A

2 + 2ξ A
1

)
(89)

υ90 = 1

4

(
1 + ξ A

2 − 2ξ A
1

)
(90)

Note that if υ0 = 0 or υ90 = 0, as the lamination para-
meter is bounded in the interval [−1, 1], the maximum
value of the remaining volume fraction is derived from
(87) and (88) as follows:

υα ≤ 3

√
p2

(1 + p)2 α = 0, 90 (91)

Appendix C: Optimum thicknesses and lamination
parameters

This appendix contains the tables with the thicknesses
and values of the lamination parameters at the two
optimization steps, for the optimum designs herein
presented.
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Table 9 Optimum/actual thicknesses and lamination parameters for superstiffener type b designs under strength, buckling and ply
contiguity constraints

h (mm) Membrane lamination parameters Bending lamination parameters

ξ A
1 ξ A

2 ξ A
3 ξ D

1 ξ D
2 ξ D

3

Skin First step 3.3120 0.5182 0.4364 −0.0069 0.0291 −0.1131 −0.0914
Second step 3.3120 0.4444 0.3333 −0.1111 0.0960 −0.1111 0.0398

Stiffener First step 5.4145 0.5215 0.4431 0.0652 0.2679 −0.2487 0.0505
Second step 5.7040 0.4839 0.4839 0.0000 0.3227 −0.1832 0.0435

Skin First step 3.4254 0.4931 0.3861 −0.0045 −0.0124 −0.1408 −0.1059
Second step 3.4960 0.4211 0.2632 −0.0526 0.0607 −0.1917 −0.0281

Stiffener First step 5.6146 0.4920 0.3840 0.0611 0.2660 −0.3373 0.0157
Second step 5.7040 0.4839 0.3548 0.0645 0.3026 −0.3138 0.1088

Table 10 Optimum/actual thicknesses and lamination parameters for superstiffener type a design under failure strength at ply level,
buckling, practical design and ply contiguity constraints

h (mm) Membrane lamination parameters Bending lamination parameters

ξ A
1 ξ A

2 ξ A
3 ξ D

1 ξ D
2 ξ D

3

Skin First step 8.7121 0.4379 0.2758 0.1621 −0.0076 −0.2862 0.3122
Second step 8.8440 0.4030 0.2239 0.1493 0.1226 −0.1272 0.2843

Stiffener First step 3.0018 0.5630 0.5261 0.0370 0.1445 −0.0505 −0.0054
Second step 3.3000 0.4400 0.3600 0.0000 0.1912 −0.0025 0.0522
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