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ABSTRACT: Tolerance is a major source of uncertainty and contributes significantly to the variation of dynamic responses, 
worsening the repeatability of assembled products. A systematic tolerance design strategy is required to control this kind of 
variation, and an approach for tolerance design based on robust design theory is proposed in this paper with a focus on the 
optimization of the dynamic response. The approach is based on Taguchi’s method, and performed by the following steps: 1) 
define the input and output parameters for the problem; 2) determine the effects of the control factors on the dynamic 
responses of interest; 3) identify factors to be adjusted and transform the problem into a multi-objective optimization. A 
benchmark tolerance design of a joint assembly of aero engine casings is used to verify the feasibility of the approach. 
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1. Introduction 
In practical industrial cases, an assembled structure usually cannot exactly meet the nominal design due to uncertain inputs 
such as loads, material properties, and environmental factors. On the other hand, manufacturing and assembly tolerances, as a 
major source of uncertainties, significantly contribute to the variability of assembled products that are built to the same 
design, worsening the performance variation of the ultimate products. In the case of aero-engines, even though components 
are all manufactured within the tolerance limits and assembly is performed according to the given handbook, the 
whole-engine vibration of the final products can be quite different. In the worst case, disqualification may happen. Similar 
cases can be found in the automobile industry, robotics [1], and other fields. Effective and efficient tolerance design to assure 
the boundary of the system dynamic response has drawn considerable industrial attention and still requires investigation. 
 
Conventional parameter optimization focuses on keeping the performance on target, ignoring the effects of input variations 
(Fig. 1(a)). Clearly, the main task is to determine the optimal solution that simply brings the objective of interest on target. 
But when uncertainties arise, deciding whether the performance of the solution remains on target is difficult. Large variations 
may exist due to the uncertainty. 
 



                    

(a) On target, large variation               (b) On target, low variation 
Fig. 1 Optimization result types [3] 

 
Robust design is different to conventional parameter optimization by focusing on both “on target” and also “low variation” 
(Fig. 1(b)). The definition of robustness can be described as: “A product or process is said to be robust when it is insensitive 
to the effects of sources of variability, even though the sources themselves have not been eliminated” [2]. It should be noted 
that the optimization within robust design involves at least two targets – the mean and standard deviation of the response of 
interest – forming a multi-objective problem. Solving the multi-objective problem directly leads to the Pareto set – a set of 
optimal solutions – giving designers a choice to balance on target performance and low variation.  
 
Robust design only attracted limited attention in dynamics applications until Zang et al. [3] optimized a tuned mass damper 
using this strategy. Since then, a number of attempts, both in research and practical industry, have been made [4-6]. The most 
practical and efficient robust design methodology today is still Taguchi’s method, which has been widely accepted and 
applied in various fields, such as chemistry [7], manufacturing [8], and electronics [9].  
 
In this paper, a robust tolerance design methodology in structural dynamics is proposed based on Taguchi’s method. By 
considering the tolerances for component manufacturing and assembly, the strategy aims to limit the range of dynamic 
responses of the assembled products for the same nominal design, i.e. with a desired mean value. Generally, the method 
involves two goals – to bring the nominal design on target and to limit performance variation within a tolerable range. Three 
steps are required: define the input / output parameters for the problem; determine the effect of the control factors on the 
responses of interest by an orthogonal array experiment and analysis of variance (ANOVA), and determine possible nominal 
values; identify factors for adjustment and transform the problem into a multi-objective optimization problem. 
 
2. Robust tolerance design strategy 
2.1 Robust design theory 
In robust design theory, the input / output relation of a dynamic system should be investigated first, and this can be 
represented by a P-diagram (Parameter-diagram), as shown in Fig. 2 [10]. Input parameters can be classified as signal factors 
(s), control factors (x) and noise factors (z): signal factors are the trigger to generate responses; control factors are basically 
design parameters that designers can choose; and noise factors are elements beyond designer’s control, but have an effect on 
the output of the system. For example, during a vibration test of a cantilever beam, the impulse from the hammer is the signal 
factor, the locations of the excitation and sensors are control factors, and the vibrations of the test table are noise factors.  



 
Fig. 2 The P-diagram for a dynamic system [10] 

 
By considering these three factors, the robust design problem is to determine the design variables with regard to uncertainties, 
or mathematically 

⎩
⎨

⎧
find 𝑥 ∈ Ω

to minimize: {E�𝑓(𝑠, 𝑥, 𝑧)�,σ�𝑓(𝑠, 𝑥, 𝑧)�}
subject to: ℎ𝑘 = 0 (𝑘 = 1,2, … , 𝑙)

                       𝑔𝑗 ≤ 0 (𝑗 = 1,2, … ,𝑚)

                            (1) 

where E�𝑓(𝑠, 𝑥, 𝑧)� and σ�𝑓(𝑠, 𝑥, 𝑧)� respectively reflect the mean and standard deviation of the desired output about 
control and noise factors. The former reflects whether the system response is on-target, and the latter reflects its variation. 
This may be compared to conventional parameter optimization, given by 

�

find 𝑥 ∈ Ω
to minimize: 𝑓(𝑥)

subject to: ℎ𝑘 = 0 (𝑘 = 1,2, … , 𝑙)
                       𝑔𝑗 ≤ 0 (𝑗 = 1,2, … ,𝑚)

                              (2) 

where 𝑥 = [𝑥1, 𝑥2, … , 𝑥𝑛] denotes the design vector, Ω the design domain of x, f(x) the objective function, ℎ𝑘 = 0 the 
equality constraints and 𝑔𝑗 ≤ 0 the inequality constraints. Clearly instead of simply considering the product performance 
target, robust design also focuses on the control of variations due to the noise factors. Here, to examine the effect of 
uncertainties, methods of uncertainty propagation from the literature [11] are used, and uncertainty is represented in 
probabilistic form.  
 
2.2 Taguchi’s Method  
Taguchi’s method is a three-stage design procedure: system design, parameter design, and tolerance design. In system design, 
the target is to decide the requirements of the product, basically the functions and configurations of the product. The optimum 
set of control factors to give the best nominal design, in addition to low variation, is identified in the parameter design stage. 
Finally, tolerances are determined in the tolerance design stage, taking both costs and effects on the product response 
variation into consideration. More attention has been paid to the parameter design stage, while far fewer technical 
professionals have become proficient in the follow-on process known as tolerance design. [12] 
 
2.2.1 Orthogonal array experiment 
Instead of a full factorial design of experiments, which requires large calculation effort, the orthogonal array experiment 
needs only a fraction of the full factorial combination, dramatically reducing time and resource consumption. Also, it allows 
an independent and efficient mathematical assessment of the effect on the objective of each variable. In this special matrix, 
the columns are mutually orthogonal. That is, for any pair of columns, all combinations of factor levels occur, and they occur 
an equal number of times. The number of combinations required for s parameters with r levels is s(r−1)+1, based on the 
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assumption that there is no interaction among the design parameters. The procedure of constructing orthogonal arrays is given 
in [12]. 
 
2.2.2 Analysis of variance (ANOVA) 
The ANOVA process is used to decompose the main parameter effects and the random experimental effects (experimental 
error). ANOVA has the mathematical capability to process the experimental data into sums of squares that hold the key to the 
quantification of the main effect contribution for each design parameter. Furthermore, errors are represented by empty 
columns in orthogonal array, just like other parameters. Two forms of analysis are used in this paper to quantify the variation 
resident in the experimental parameters and the experimental error effects: 
1) Sum of squares (SS): Indicates the differences associated with a parameter or error compared to the overall mean of the 
data set, i.e. 

SS parameter or error = ∑ (𝑦𝑖 − 𝑦)2𝑛
𝑖=1                           (3) 

For example, the calculation of SS for parameter A with r levels is 

SS𝐴 = (𝑛𝑛. 𝑛𝑓 𝑒𝑥𝑒.𝑎𝑎 𝐴1)�𝑦𝐴1 − 𝑦�2 + (𝑛𝑛. 𝑛𝑓 𝑒𝑥𝑒.𝑎𝑎 𝐴2)�𝑦𝐴2 − 𝑦�2 + (𝑛𝑛. 𝑛𝑓 𝑒𝑥𝑒.𝑎𝑎 𝐴3)�𝑦𝐴3 − 𝑦�2       (4) 

where 𝑛𝑛. 𝑛𝑓 𝑒𝑥𝑒 .𝑎𝑎 𝐴𝐴 indicates the total number of experiments at level Ai, 𝑦𝐴𝑖 is the average of the dynamic responses 
at level Ai, and 𝑦 is the average of the dynamic responses of all experiments.  
2) Mean of the sum of squares (MS): Quantifies the mean value of the sum of squares associated with a parameter or with 
an error, obtained by dividing by the DOF allocated to the parameter or set of errors. The number of DOF for a parameter 
with r levels is (r-1), and the DOF for the error is (number of experiments -∑DOF of each parameter - 1). Thus 

MS = 𝑆𝑆 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑝 𝑝𝑝𝑝𝑜𝑝
𝐷𝐷𝐷 𝑓𝑜𝑝 𝑝ℎ𝑝 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑝 𝑝𝑝𝑝𝑜𝑝

                              (5) 

 
To test the significance of the parameter effects compared with the experimental error, the F-ratio is used, also referred to as 
the variance ratio, given by 

F = 𝑀𝑆
𝑀𝑆𝑒

= 𝑝𝑝𝑝𝑛 𝑠𝑠𝑠𝑝𝑝𝑝 𝑑𝑠𝑝 𝑝𝑜 𝑑𝑝𝑠𝑖𝑑𝑛 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑝𝑝𝑝𝑛 𝑠𝑠𝑠𝑝𝑝𝑝 𝑑𝑠𝑝 𝑝𝑜 𝑝𝑒𝑝𝑝𝑝𝑖𝑝𝑝𝑛𝑝𝑝𝑒 𝑝𝑝𝑝𝑜𝑝

                          (6) 

Some suggested generalized values for F ratios are 
 F<1: the experimental error outweighs the parameter effect; the parameter is insignificant and indistinguishable 

from the experimental error. 
 F≈2: the parameters have only a moderate effect compared to the experimental error. 
 F>4: the parameter effect is strong compared to the experimental error and is clearly significant. 

 
In the proposed robust tolerance design strategy, the effectiveness of each parameter is determined by its F-ratio, and 
insignificant parameters are eliminated. 
 
2.2.3 The application of Taguchi’s method 
To achieve the goal that dynamic performance should both be on target and possess low variation, the nominal design and the 
tolerance of the design parameters are determined separately. The orthogonal array experiment and ANOVA is applied to 
partially fulfill the first mission. More specifically, Taguchi’s method is used first to localize the most likely solutions to bring 
the objectives on target, thus reducing the search space for further optimization. 
 



Parameters are determined in Taguchi’s method using the following steps: 
1) Define upper and lower bounds for each critical parameter under evaluation and the objectives, and then select the 

appropriate orthogonal array; 
2) Set up and run the experiments; 
3) Conduct a formal analysis of variance (ANOVA) on the data, obtaining the sensitivity analysis of each parameter and 

decide on the nominal design; 
4) If necessary, set up a quality-loss function, and obtain the tolerance adjustment for each parameter. 
 
Due to its efficiency and relatively high accuracy in examining the effect of the parameters on the objectives over the whole 
design space, Taguchi’s method has attracted a lot of attention, and the orthogonal array experiment and ANOVA has shown 
great practical use in applications.  
 
2.3 Multi-objective optimization 
2.3.1 Calculation strategy 
Problems with only one target hardly exist in the real industrial world. Usually several (often competing) objectives are to be 
simultaneously optimized, forming a multi-objective optimization problem. Instead of a single optimal solution set, there 
tends to be a set of alternative solutions, each of which must be considered equivalent in the absence of further information 
regarding the relative importance of each of the objectives in the solution vectors. Such a solution set is called the 
Pareto-optimal set.  
 
Traditionally, the core approach to solve a multi-objective problem is to turn it into a single-objective problem. One way is to 
keep the most essential target and turn others into constraints. This may lead to the problem that only the response 
corresponding to the kept target is optimum, while others just meet the upper or lower limit of the desired output. Another 
approach is to form a weighted sum, combining multiple objectives into a single objective given by 

y = ∑ 𝑤𝑖𝑦𝑖                 where        ∑ 𝑤𝑖𝑛
𝑖=0 = 1n

i=0 ,                                      (7) 

n is the total number of objectives, 𝑦𝑖 the ith  objective, and 𝑤𝑖 the ith weighted factor. Despite its easy implementation, 
the fatal defect in obtaining the Pareto set via this approach has been pointed out decades ago [13].  
 
Several stochastic optimization techniques, such as simulated annealing and ant colony optimization, have also been used to 
generate the Pareto set. Unfortunately these methods often get stuck at a good approximation and do not guarantee to identify 
the optimal trade-offs [14]. The application of evolutionary algorithms (EA) to multi-objective optimization is computational 
efficient since it is easy to parallelize, enabling several members of the Pareto-optimal set to be found in a single run. Many 
attempts have been made to develop efficient evolutionary multi-objective algorithms. Particle Swarm Inspired Evolutionary 
Algorithm (PS-EA) [14] uses a synergistic combination of Particle Swarm Optimization (PSO) and Evolutionary Algorithm 
(EA) to overcome the limitations of both strategies. The Strength Pareto Evolutionary algorithm [15] is based on the theory of 
evolution strategies. The main feature of the algorithm is that it maintains diversity in the population so that a well distributed 
wide spread trade-off front is reached, preventing premature convergence to a part of the Pareto front. In [16] a 
Non-dominated Sorting Genetic Algorithm (NSGA) is proposed and stands out in its efficiency. The algorithm uses elitism 
and a crowded comparison operator that keeps diversity without specifying any additional parameters.  
 
2.3.2 The application of multi-objective optimization  
To simultaneously control the mean and standard deviation, multi-objective optimization is applied in the second stage of the 



proposed strategy. Tolerances are considered as a major source of performance variation. Thus noise factors turn out to be the 
actual value of the design parameters and the control factors are the nominal values and tolerances of the design parameters.  
 
Another key requirement for the multi-objective optimization in robust tolerance design in structural dynamics is to 
efficiently evaluate the mean and standard deviation of the system performance for each design candidate. The system 
dynamic response cannot be written in simple closed form equations; accurate responses require either extensive 
experimental data or simulation (if an FE model is available). To evaluate the mean and standard deviation in probabilistic 
form requires many samples. Both factors lead to high costs in time and resources for uncertainty problems concerning 
dynamics.  
 
To obtain a relatively accurate function, instead of analyzing the whole design space, regression analysis is performed on a 
small range. A second orthogonal array experiment, around the possible best solution given at the first stage, is set up and the 
regression function of interest is formed. During the operation of the multi-objective genetic algorithm, the regression 
function helps to evaluate the mean and standard deviation for each set of design candidates.  
 
The optimization procedure using multi-objective genetic algorithm is as follows (see Fig. 3):  
1) Initialize the first generation within given lower and upper bounds; 
2) Evaluate the mean and standard deviation response for each design candidate; 
3) Rank the candidates using a non-dominated sorting procedure;  
4) Check whether the stopping criteria are satisfied. (the stopping criteria can be either a certain number of generations, or 

a certain desired target for the problem). If not, repeat procedure starting from 2).  
 

 
Fig. 3 Framework of proposed MOGA 

 
2.4 Proposed tolerance design strategy 
In summary, the detailed steps of proposed tolerance design strategy are as follows (see Fig. 4): 
1) Define the problem – the three factors, design space and objectives; 
2) Select the appropriate orthogonal array, and set up and run experiments; 

Initialization 
Gen=0 

Evaluate mean and standard deviation under each 
design candidate by sampling, calculating with 

regression function 

Solution found? 

Reproduction, crossover, 
and mutation 

Gen+1 

Over 

Yes 

No  



3) Conduct a formal analysis of variance (ANOVA) on the data, obtaining the sensitivity of each parameter, determine the 
nominal design for each parameter that brings the objective on target, and eliminate insignificant parameters; 

4) Define the initial tolerance of each parameter and run experiments for regression analysis; 
5) Perform the multi-objective optimization by the proposed strategy in section 3.  
6) Verify the optimal solutions.  
 

 
Fig. 4 Proposed tolerance design strategy 

 
3. Case study: Joint assembly of two aero-engine casings 
The dynamic analysis of joint assemblies is a complex problem that contributes significantly to the performance variation of 
joined products. Most of the literature has focused on the modeling the joints. In this case study, the effects of the joint 
assembly on the dynamic response are controlled through the proposed tolerance design procedure. This work is based on 
previous research, which indicated that the torque of bolts and nuts significantly influences the frequencies of some modes. 
Fig. 5 shows the influence of the torque variation on the first 12 modes of interests.  

3.1 Problem definition 
The structure shown in Fig. 6 consists of two casings jointed together by bolts and nuts (M6). Three parameters are 
considered: assembly torque, number of bolt-nut pairs, and assembly order. Assuming that the minimum number of bolt-nut 
pairs required for strength, sealing and other aspects is 18, and maximum number allowed in the structure is 36. The initial 
design space is shown in Table 1. Since the 1st natural frequency remains relatively constant regardless of the torque 
variation (see Fig. 5), the 2nd and 3rd natural frequencies are considered as targets here, shown in Table 2. For all products, the 
mean of the second natural frequency should close to 278Hz while the variation limit should be ±2Hz. For the third natural 
frequency, the mean value should be close to 391Hz, while the variation limit is ±2Hz. 
 

Table 1 The initial parameter design space 
Parameter Lower bound Upper bound 

Torque / Nm 3 15 
Number of bolt-nut pair 18 36 

Assembly order In turn, diagonally, section diagonally (see Fig. 7) 

Define the problem

Examine effects of each parameter, determine 
possible best solutions and eliminate 

insignificant parameters  

Define initial tolerance of each tolerance and perform 
regression analysis

Perform multi-objective optimization

Orthogonal array experiment 
and ANOVA 

Multi-objective genetic algorithm 

Verify optimization solutions



 
Fig. 5 The effect of torque on modes 1-12 

 
Table 2 The targets for modes 2 and 3 

- Nominal design Variation limit 
2nd natural frequency 278Hz ±2Hz 
3rd natural frequency 391Hz ±2Hz 

 

            

(a) Whole model                     (b) Joint assembly 
Fig. 6 The assembled structure and joint 
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(a) in turn                      (b) diagonally                 (c) section diagonally 

Fig. 7 The assembly order for the bolts 
 
3.2 Determine the nominal design  
Parameters are determined to have three levels, and thus an L9 array is chosen. The levels of the parameters are shown in 
Table 3. Experiment planning and the results are listed in Table 4, and the FRFs of the 9 experiments are shown in Fig. 8. 



Clearly the 2nd and 3rd natural frequencies vary dramatically in design space.  
 
Sensitivity analysis for the first three natural frequencies is shown in Fig. 9. Each point on x-axis reflects a level of a 
parameter. For example, “T_1” means the first level of Torque, “N_1” means the first level of the Number of bolt-nut pair, 
and “A_1” means the first level of Assembly order. From Table 4 and Fig. 6 we can see that in design space, the 1st natural 
frequency hardly varies, while for both the 2nd and 3rd natural frequencies the most influential parameter is the torque. The 
other two parameters (the number of bolt-nut pairs and the assembly order) have some limited effects that are further 
evaluated by ANOVA (see Table 5). Table 5 shows that for both the 2nd and 3rd natural frequencies, the torque has significant 
effects compared with error, with F values larger than 6. The number of bolt-nut pairs has a strong effect for the 2nd natural 
frequency but a relatively moderate effect for the 3rd natural frequency. However, for both natural frequencies, the F values 
for the assembly order are less than 1, outweighed by the experimental error, which cannot serve as a control parameter.  
 
In summary, the torque and the number of bolt-nut pairs are two significant parameters that should be taken into further 
consideration in design procedure. Regarding the targets listed above, the parameter combination T2N2 is chosen. As for 
assembly order, the diagonal order is chosen according to the normal practice described in the aero-engine assembly 
handbook.  
 

 
Fig. 8 FRFs of the L9 experiments 

 
Table 3 The parameter levels 

Parameter 
Level 

1 2 3 
Torque / Nm 5 9 13 

Number of bolt-nut pair 18 27 36 
Assembly order In turn Diagonally Section diagonally 

 
Table 4 Experiment planning and results 

No. Torque / Nm 
Number of 

bolt-nut pair 
Assembly order F1 / Hz F2 / Hz F3 / Hz 

1 5 18 In turn 238.12 272.5 392.19 
2 5 27 Diagonally 237.81 273.12 388.75 
3 5 36 Section diagonally 238.44 276.88 387.5 
4 9 18 Diagonally 238.44 273.44 392.81 
5 9 27 Section diagonally 238.44 277.19 391.56 



6 9 36 In turn 238.75 280.00 390.00 
7 13 18 Section diagonally 238.44 275.62 393.75 
8 13 27 In turn 239.06 286.56 394.69 
9 13 36 Diagonally 239.06 292.81 394.38 

 
Table 5 ANOVA for the assembled casings 

Factor 
F2 F3 

SS d.o.f MS F SS d.o.f MS F 
Torque 191.71 2 95.86 6.27 35.01 2 17.51 7.41 

Number of bolt-nut pair 132.08 2 66.04 4.32 7.95 2 3.98 1.68 
Assembly order 21.51 2 10.76 0.70 3.54 2 1.77 0.75 

- 
Error  30.59 2 15.29 - 4.72 2 2.36 - 

 
3.3 Tolerance design – multi-objective optimization 
As determined in step 2), the torque for the joint assembly is 9Nm, the number of bolt-nut pairs is 27, which means that 
during assembly 27 out of 36 pairs should be guaranteed to work, and diagonally assembly is used. To examine the 2nd and 3rd 
natural frequencies close to this design vector, another orthogonal array experiment is set up and carried out, and regression 
analysis is performed afterwards. Again, an L9 orthogonal array is adopted, as shown in Table 6 along with experiment 
results. To simulate the 2nd and 3rd natural frequencies in this parameter region, regression analysis is performed for the two 
frequencies. The generated response surfaces are shown in Fig. 10 and the two functions are 

2nd natural frequency: 276.06 + 0.18 ∗ 𝑇2 − 3.91 ∗ 𝑇 − 0.01 ∗ 𝑁2 + 0.46 ∗ 𝑁 + 0.07 ∗ 𝑇 ∗ 𝑁              (8) 

3rd natural frequency: 398.16 + 0.05 ∗ 𝑇2 − 1.05 ∗ 𝑇 − 0.003 ∗ 𝑁2 − 0.22 ∗ 𝑁 + 0.03 ∗ 𝑇 ∗ 𝑁             (9) 
 

            
(a) Sensitivity analysis for natural frequency 1            (b) Sensitivity analysis for natural frequency 2  



     
(c) Sensitivity analysis for natural frequency 3 

Fig. 9 Sensitivity analysis of first three natural frequencies 
 
Table 6 shows that an initial torque tolerance of 2Nm about a nominal torque of 9Nm, and 9 bolt-nut pairs about 27 bolt-nut 
pairs, the largest variation in the 2nd natural frequency can be as high as 15Hz and the variation in the 3rd natural frequency is 
5Hz, far beyond the targets for the variation limit. A multi-objective optimization problem is then formed to determine the 
final parameters. The design parameters and objectives of the optimization are listed in Table 7. Assuming that the uncertain 
parameters both agree with 3σ theory, the input parameters are converted into probabilistic form, as shown in Table 8. The 
resulting Pareto set is given in Table 9. Designers can choose the final solution from the set according to the practical needs 
for the four objectives. For example, if Solution 6 is chosen, the assembly torque should meet a probabilistic distribution with 
a mean of 7Nm and a standard deviation of 0.6Nm, and number of bolt-nut pair should have a mean of 29 and a standard 
deviation of 1. Such input parameters, lead to the 2nd natural frequency with a mean of 276.48 Hz and a standard deviation of 
0.57Hz, and the 3rd natural frequency with a mean of 390.21Hz and a standard deviation of 0.35Hz.  
 

         
(a) Regression analysis for natural frequency 2         (b) Regression analysis for natural frequency 3 

Fig. 10 Regression analysis 
 

Table 6 Orthogonal array experiment for tolerance design 

- Torque / Nm 
Number of 

bolt-nut pair 
F1 / Hz F2 / Hz F3 / Hz 

1 7 18 238.12 270.31 390.94 
2 7 27 238.44 274.69 390.00 
3 7 36 238.44 279.06 389.06 



4 9 18 238.44 273.44 392.81 
5 9 27 238.44 276.88 391.25 
6 9 36 238.75 280.00 390.00 
7 11 18 238.44 276.25 394.06 
8 11 27 238.75 282.19 393.44 
9 11 36 239.06 285.31 392.19 

 
Table 7 Parameters for tolerance design 

Inputs 

 

Objectives 
- Lower bound Upper bound 

Torque / Nm 7 11 F2 / Hz 278 
Tolerance of torque 0 2 ΔF2 / Hz <2 

Number of bolt-nut pair 24 30 F3 / Hz 391 
Tolerance of Number of bolt-nut pair 0 6 ΔF3 / Hz <2 

 
Table 8 Converted input parameters 

- Lower bound Upper bound 
E(T) 7 11 
σ(T) 0 0.67 
E(N) 24 30 
σ(N) 0 0.67 

 
Table 9 Results of the optimization 

- E(T) σ(T) E(N) σ(N) F2 / Hz F3 / Hz σ(F2) / Hz σ(F3) / Hz 
1 8 28 0.4 1 276.93 390.86 0.58 0.26 
2 7 24 0.6 1 274.54 391.10 0.52 0.25 
3 7 25 0.5 1 274.95 390.94 0.50 0.25 
4 7 26 0.5 1 275.35 390.75 0.48 0.26 
5 7 25 0.4 1 274.98 390.92 0.49 0.22 
6 7 29 0.6 1 276.48 390.21 0.57 0.35 
7 8 26 0.4 1 276.14 391.17 0.62 0.24 
8 9 27 0.2 1 277.62 391.55 0.57 0.17 
9 7 26 0.6 1 275.40 390.76 0.51 0.28 

10 7 28 0.6 1 276.10 390.41 0.57 0.32 
 
3.4 Optimization verification  
To demonstrate the feasibility of the tolerance design, 50 verification experiments are performed for solution 6 in Table 9. 
The experimental results are listed in Table 10, which shows that after tolerance design, the means of the 2nd and 3rd natural 
frequencies are very close to the targets. The FRFs are shown in Fig. 11. Compared to Fig. 8, the variation in the 2nd and 3rd 
natural frequencies has been considerably reduced. The standard deviation of the 2nd natural frequency is relatively large, but 
out of 50 experiments only 2 are outside the target limits.  



 
Table 10 Verification experiments results 

- mean Deviation of target Standard deviation Deviation of target  
Number of experiments 

beyond ±2Hz 
F2 276.76 0.36% 1.05 37% 2 
F3 390.82 0.04% 0.68 1.5% 0 

 
 
4. Conclusion 
This paper has discussed a novel strategy, where tolerance design is used to limit the variation in the dynamic responses. The 
easy application in practical engineering problems is an important feature of the approach. Hence, the orthogonal array and 
analysis of variance, through the classic Taguchi’s method, are applied. This approach has easy implementation and high 
efficiency. High accuracy in the optimization is also required, and so a multi-objective genetic algorithm is used in the second 
stage. Thus the method has two stages: the first uses Taguchi’s method to find the best parameter levels and then a 
multi-objective optimization is used to determine accurate nominal values and tolerances for each design parameter. This 
involves three steps: the input and output parameters for the problem are defined; then the effects of the control factors on the 
dynamic responses are determined and their possible nominal values decided; finally factors whose tolerance should be 
adjusted identified and the problem is transformed into a multi-objective optimization problem. The paper has demonstrated 
the feasibility of this approach through a benchmark case study.  
 
 

 
(a) Whole frequency range 

 
(b) Zoomed frequency range about the 2nd and 3rd natural frequencies 

Fig.11 FRFs for the verification experiments 
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