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The always present need for better aircraft performance is increasingly prompting designers towards the realization of ‘morphing’ or ‘shape-adaptable’ structural systems. Such
systems should simultaneously fulfil the contradictory requirements of flexibility and stiffness. So far the solutions adopted consist of complex assemblies of rigid bodies hinged to
the main structure and actuated. To enhance the performance of the aircraft as a system, multistable composites could provide an interesting alternative to traditional designs,
thanks to their multiple equilibrium configurations. In this paper thermally induced bistable composites will be considered for the realisation of morphing structures. The paper
will present a study based on the experimental observation of various specimens and their
numerical analysis through the finite element method. An analytical model is developed
in order to extend previous models that could only take into account free boundary conditions. This model considers the interaction of multistable composites with neighbouring
structures and is particularly useful for optimisation where a full non linear finite element analysis would be too computationally expensive. Finally a few examples of how this
technology could be used in morphing aircraft application are presented.

Nomenclature
A
B
D
N th
M th
w
k
ǫ

membrane stiffness matrix
extension-bending stiffness matrix
bending stiffness matrix
in-plane thermal stress resultant vector
thermal moment resultant vector
displacement of the laminate in the z direction
curvature vector
in-plane strain vector

Throughout the paper matrices will be indicated by double underline, vectors by single underline and scalars
by no underline

I.

Introduction

Unsymmetric laminates exhibit out-of-plane displacements at room temperature even if cured flat. These
displacements are caused by residual stress fields induced during the cool-down process between the highest
∗ Research

Assistant, Department of Aerospace Engineering, Queen’s Building, AIAA Student Member.
Department of Aerospace Engineering, Queen’s Building, AIAA Member.
‡ Professor, Department of Aerospace Engineering, Queen’s Building, AIAA Member.
§ Reader, Department of Aerospace Engineering, Queen’s Building.
† Reader,

1 of 13
American Institute of Aeronautics and Astronautics

Copyright © 2007 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved.

curing temperature ( 160◦ C) and room temperature ( 20◦ C). The thermal stresses are mainly caused by the
mismatch of the coefficients of thermal expansion of constituent layers; the unsymmetric stacking sequence
allows the stresses to generate bending and twisting moments within the laminate, resulting in the previously
mentioned displacements. A number of papers have been published which discuss this behaviour3−7 . It has
been shown by Hyer et al.3−7 that this type of structure can have more than a single state of equilibrium.
The existing analytical models, based on the minimisation of the strain energy of the structure, are able to
the post-curing shape of unsymmetric laminates but take into account only free-free boundary conditions
and are restricted to constant curvatures. Though this gives a very good approximation to predict the post
curing shapes of the laminate, it does not allow for the modelling of local behaviour such as edge effects and
deformations in the region close to the constraint. The aim of this paper is to propose an extension of the
model developed by Hyer and Dano,4 in order to take into account different boundary conditions and show
possible applications of bi-stable composites for shape-adaptable aircraft. The paper is divided into three
sections: in the first and second sections the analytical model and a numerical procedure for the analysis
bi-stable composites are presented while in the third section, two applications for morphing structures are
presented.

II.
II.A.

Modelling the thermal response

Analytical model

The structure depicted in Fig. 1 is chosen as an example for the development of the extended analytical
model and consists of two square plates joined along one edge: one has a symmetric stacking sequence (A1 )
while the other is unsymmetric (A2 ). Let A be the domain representing the whole structure, so that:
A = A1 ∪ A2
where A1 represents the symmetric plate and A2 the unsymmetric one. Using a domain decomposition, if
the functions that describe the displacements are piecewise smooth over the domain A, it is possible to take
into account the interaction between the symmetric and unsymmetric portions of the plate. These types of
plate, once cooled down to room temperature, show the two stable configurations shown in Fig. 2(a) and
Fig. 2(b). The main difference compared with the previous models is the type of function chosen for the
out-of-plane displacement. It is clearly evident from the experimental models that the hypothesis of constant
curvatures is not valid anymore and both the x and y curvatures need to vary along the y-axis. To allow the
required degrees of freedom, the polynomial function chosen to model the out-of-plane displacement, results
from the product of two parabolas, one along the x-axis (P (x)) and one along the y-axis (G(y)), given by
w(i) (x, yi ) = P (i) (x) · G(i) (yi )
where:

(i)

(i)

(1)

(i)

P (i) (x) = p0 + p1 x + p2 x2
(i)
(i)
(i)
G(i) (yi ) = g0 + g1 yi + g2 yi2

(2)

After some manipulation the previous expression is re-written for convenience, as:
(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

w(i) (x, yi ) = c9 + c10 yi + c11 yi2 + c12 x + c13 xyi + c14 xyi2 + c15 x2 + c16 x2 yi + c17 x2 yi2
x
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Figure 1. Compound symmetric-unsymmetric plate
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(3)

The index ‘i’ refers to the symmetric (i = 1) or unsymmetric (i = 2) part of the plate and unless otherwise
specified the displacement functions are referred to the mid-plane. The in-plane strain for the mid-plane is
modelled by using second order polynomial functions:
(i)

(i)

(i)

(i)

(i)

εx = c1 + c2 x2 + c3 xyi + c4 yi2
(i)
(i)
(i)
(i)
(i)
εy = c5 + c6 x2 + c7 xyi + c8 yi2

(4)

In order to guarantee the compatibility of the shear strain deformation, Eq. 4 is integrated (this will produce
4 additional coefficients) to obtain the in-plane displacements. Applying the kinematical relation between
in-plane and shear strains:
∂u(i)
∂v (i)
∂w(i) ∂w(i)
γxy =
+
+
(5)
∂yi
∂x
∂x ∂yi
(i)

the expression for γxy is obtained and the strain vector ε(i) (x, y) can be assembled:

ε(i)



 εx
=
εy


γxy

(i)



(6)




The expressions for the curvatures are obtained by differentiating Eq. 3 thus obtaining the curvature vector:

∂ 2 w0

2
 − ∂x
2 0
− ∂∂yw2
k0 =

2 0

w
−2 ∂∂x∂y

(i)



(7)




Using a Rayleigh - Ritz technique similar to that used by Hyer,4 the strain energy for the whole structure can
now be formulated. A strain energy for each substructure is formulated, thus accounting for the different
stacking sequences, and then the two contributions are summed to obtain the energy for the complete
structure:
 "
#T "
# "
#T "
#"
#(1) 
(1)
(1)
th
(1)
(1)
(1)
RR
B
A
ε
ε
N
ε
 dxdy +
1
−
Π=
2
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M th
B (1) D(1)
k (1)
k (1)
k (1)
 "
(8)
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(2)
(2)
th
(2)
(2)
(2)
RR
B
A
ε
ε
ε
N
1
 dxdy

+
−
2
A2
M th
k (2)
B (2) D(2)
k (2)
k (2)
(1)

where A(1) , B (1) , D(1) , A(2) , B (2) , D(2) , are the laminate stiffness matrices according to Jones1 and N th ,
(2)

(1)

(2)

N th , M th , M th and are the thermal forces resultant vectors according to Hyer,2 while the superscripts
 
(i)
(1) and (2) refer to the symmetric and the unsymmetric portion of the panel. The strain energy Π = Π cj is
(i)

now a function of the 42 unknown parameters cj

(i=1,2 and j=1,21) whose local minima correspond to

(a) First stable shape

(b) Second stable shape

Figure 2. Compound symmetric-unsymmetric plate
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the equilibrium configurations of the plate. To satisfy the continuity of the displacement across the whole
domain A, the following boundary conditions must hold:


= u(2) x, − L2
u(1) x, L2


= v (2) x, − L2
v (1) x, L2


(9)
w(1) x, L2
= w(2) x, − L2


(2)
∂w(1)
x, L2
= ∂w
x, − L2
∂x
∂x

For thepresent
 study the solutions have been found by performing a non-linear constrained optimisation of
(i)
Π = Π cj with the non linear constraints expressed by the boundary conditions (Eq. 9). The computations
have been carried out using the commercial optimisation package ‘NLPSolve’ and ‘fmincon’ of
 software
 the
(i)
TM
TM
that are
Maple
and Matlab
respectively. The two stable configurations have a value of Π = Π cj
very similar and an additional constraint on the curvature is required in order to obtain the second shape.
Fig. 3(a) and Fig. 3(b) show the equilibrium configurations predicted with the analytical model.

(a) First stable shape

(b) Second stable shape
Figure 3. Analytical configurations

The analytical model successfully captures the qualitative behaviour of the multi-stable structure by
modelling the anticlastic behaviour and the variation of the transverse curvature in the longitudinal direction
(as shown in Fig. 3(b)). This extends the previous model by accounting for more complex boundary
conditions, however, from a comparison with the results obtained with finite element analysis and the
experiments, the analytical configurations appear to be considerably stiffer than the numerical one in terms
of displacements. This could be explained by the small number of coefficients chosen to model the curvatures:
a quadratic variation might not be enough to model the interaction at the boundaries. The minimisation of
the strain energy through a non-linear optimisation is quite sensitive to the initial conditions and sometimes
fails to converge to a physical solution. Different strategies to solve these issues are under investigation.
II.B.

Finite element model

Analytical models have the advantage of allowing a parametric study for design purposes. However, for
complex structures it is necessary to employ numerical methods such as Finite Elements (FE) to determine
the bi-stability. Because of the nonlinearity of the snap-through phenomenon in bi-stable structures, the FE
analyses have to be carefully used in order to predict each particular solution. One considerable advantage
of the FE method is the ability to provide information regarding loads during the transition between each
configuration. For this purpose, a numerical procedure to identify the equilibrium shapes and the structural
response of bi-stable structures has been established with the commercial software ABAQUST M . This
simulation technique is divided into two steps: the first that reproduces the cool-down after the curing
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process and the second that simulates the transition between the obtainable stable shapes. The procedure
has first been tested on simple structures, such as the one shown above, and then has been applied throughout
for the analyses shown in the paper. The cool-down is the most important part of the manufacturing process
where the residual stresses are built-in the laminate. The physical process itself takes a considerable time
to complete (a few hours depending on the curing cycle that the material requires) and therefore it can
be considered as a quasi-static process. Mechanical loads are generated by the temperature difference and
no external force is applied to the specimen. For this reason, no significant velocities are developed by the
material particles and therefore the step can be modelled either statically or dynamically without a detailed
definition of the material damping properties. The main difficulty at this stage of the analysis the existence
of a bifurcation point, a value for the temperature beyond which two solutions are possible. A dynamic
analysis would overcome these problems as it would always follow the stable branch of the solution, however
it proved computationally expensive and an alternative pseudo-dynamic procedure has been employed. This
consists of an automatic stabilisation technique that adds viscous forces to damp local instabilities when
convergence is difficult to achieve. To ensure accuracy of the solution it is very important to check that
the artificial viscous forces, added to suppress the local instabilities, are small compared to the external
loads (usually within 3-4%). With this type of procedure and by tuning the amount of stabilisation, it is
possible to converge to one or other stable shape. The second step, the ‘snap-through’ analysis, describes
the elastic response of the structure when loaded. The actuation load is simulated by concentrated forces
and the structure must be appropriately constrained to allow it to snap. During the application of the load,
the structure will first deform elastically then, once the force reaches a critical magnitude, it will collapse
and eventually rest in the other stable configuration once the load is removed. From the static point of view
this problem represents an unstable collapse and arc-length methods are considered to be the preferred tool.
The arc-length method considers the magnitude of the applied load as an additional unknown whose value is
determined together with the displacement, by solving a modified Newton-Raphson scheme. It is equivalent
to a displacement-controlled analysis test and it has been successfully applied to describe the response of
structures such as shallow arches10−13 . For the structures analysed in this paper, because of the presence of
bifurcation and because of their relatively low stiffness, arc-length methods did not prove sufficiently robust.
However the pseudo-dynamic solution algorithm provided good results. A load-displacement diagram for the
180 x 360 mm carbon fibre panel shown above is shown in Fig. 4. The critical loads to induce bifurcation
can be identified by the sharp turn of the curve: once it is reached, the structure continues to deform even
if there is no increment in the load (it is in fact equivalent to a load-controlled test from the experimental
point of view). Configurations between point A and point B on the curve actually represent unstable
configurations where the equilibrium is obtained through the addition of artificial viscous forces generated
by the stabilisation. Point B represents the second stable configuration for that given load and from this
point on no stabilisation is required as the stiffness of the panel is recovered.

III.

Experimental analysis

The example shown above describes the technology behind the applications that will now be shown. The
main characteristic of bi-stable structures is that they can be at the same time flexible and stiff. This is
achieved by a combination of material properties and structural geometry. Furthermore, as it has been shown
above, thermally induced bi-stable structures retain their peculiar behaviour even if subjected to constraints.
This opens up the possibility of combining several bi-stable components to obtain structures with multiple
configurations. In this section two concepts for application to morphing aircraft are shown. The morphing
aircraft is a perfect environment for their application since weight and complexity are primary issues for
aeronautical applications. Thermally induced multistable composites could provide a viable solution to fulfil
the contradictory requirements of flexibility and stiffness needed to achieve any type of shape change.
III.A.

Bi-stable blended winglet

This application aims at the realisation of a high-lift device that can also be used during the cruise part
of the flight. The main idea is to mount a bi-stable panel, appropriately tailored (stacking sequence and
planform are shown Fig. 6), on the tip of a traditional wing as shown in Fig. 5. When the panel is in
its ‘flat’ configuration, it extends the wing span thus increasing the lift, while when it is in the deployed
configuration it acts as a blended winglet optimising the aerodynamic performance for cruise flight. Fig.
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Figure 4. Load - displacement diagram for the 180 x 360 bi-stable panel

7 shows the two configurations that the winglet possesses. The extended configuration has a chord-wise
curvature that helps to generate lift (i.e. during take off). When the winglet is deployed the cross section is
almost flat and the curvature due to the residual stresses allows the composite plate to behave as a blended
winglet. The orientation of the laminate increases the wash-out (i.e. reduction of the local angle of attack)
towards the tip, a feature useful to delay flow separation at the wing-tip.9 The effect of rotating the laminate
axis is clearly explained by examining Fig. 8: it can be seen how the local angle of attack is reduced quite
considerably toward the winglet tip. This will also increase the velocity at which the winglet will snap into
the deployed configuration. To validate the concept, a carbon fibre winglet has been manufactured and
mounted on the tip of a rigid wing. The assembly has been tested in the wind tunnel for different angle of
attack and air-speeds and for each configuration the aerodynamic loads and the ‘snap-velocity’ have been
measured. Table 1 shows the value for the angle of attack and the snap-velocity. During the tests after
the winglet snapped, all of the aerodynamic forces (lift, drag and pitching moment) reduced confirming the
possibility to use such a device to increase the lift in certain flight conditions such as take-off and landing. An
actuation system,1514 to allow the winglet to go back to the extended configuration is under investigation.
This could eventually be used for optimising the wing shape during flight operations.

(a) Extended configuration

(b) Deployed configuration

Figure 5. Test rig assembly for winglet wind-tunnel testing
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Symmetric laminate
[0 2/ 90 / 0 ]
4

2

Unsymmetric laminate
[0 4/ 90 ] 4
Figure 6. Planform and lay-up for the winglet

(a) Extended configuration

(b) Deployed

Figure 7. Experimental model for the winglet

Table 1. Angles of attack and snap velocities for the winglet

Angle of attack [◦ ]
0
2.5
12.5

Snap velocity [ms−1 ]
21.5
19
15.5
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(a) Extended configuration configuration
Viewport: 2

(b) Extended configuration

ODB: E:/FE/BWinglet/Elliptic/el−cd.odb

Viewport: 1

(c) Deployed configuration

ODB: E:/FE/BWinglet/Elliptic/el−cd3.odb

(d) Deployed configuration

Symmetric laminate

Symmetric laminate

0

0

90

90

Unsymmetric laminate

Unsymmetric laminate

(e) Rotated laminate axis

(f) Non rotated laminate axis

Figure 8. Effect of the laminate axis rotation
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III.B.

Variable camber trailing edge

This application concept is aimed at realising a trailing-edge-mounted device to change the camber of an
airfoil by morphing its geometry. The main idea is to use unsymmetric patches of composite material whose
bi-stability will drive the shape change. Fig. 9 shows the geometry and the stacking sequence areas for the
device: the dark areas have an unsymmetric stacking sequence while the light areas are symmetric. It is
important to note that the laminate is continuous from the upper skin to the lower skin when going around
the edge. Fig. 10(a) and Fig. 10(b) show two of the achievable configurations. Two more configurations
are obtainable (as shown in Fig. 10(d) and Fig. 10(c)) but it is evident that for aerodynamic applications
only the first two shapes are of interest.
A carbon fibre specimen has been built for testing using an

Figure 9. FEM for the variable camber trailing edge

aluminium tool for the lay-up. The configurations are shown in Fig. 10. The displacements measured
experimentally show a good agreement with those computed using the aforementioned FE technique: in fact
the experimental model achieves an angular deflection of 21◦ while the numerical estimate is 20◦ . During
actuation, the upper skin is fully clamped and two forces simulate the actuation load by pushing the left
edge of the lower skin while the displacement is measured at the edge, as shown in Fig. 12. During the
actuation, the upper skin bifurcates first with a load of approximately 20N , the lower skin follows when the
magnitude of the actuation reaches 30N . This can be considered as the actuation load for the system. Once
the structure is in either configuration and the edges are fixed for translation, it has a considerable stiffness.
This is explained by the fact that if the left edges (see Fig. 12) are constrained, the trailing edge device
becomes a triangular structure even when it is in the deployed configuration and because of the continuity of
the fibres around the edge, the stresses can be transmitted from the lower skin to the upper skin. A test rig to
measure the maximum load the structure can withstand is under construction. Fig. 13 shows the simulation
of the transition between the deployed configuration and the extended one (arrow pointing upward) and
back (arrow pointing downward). As expected the behaviour is highly non linear and furthermore the load
required to extend the trailing edge (≈ 10N ) is approximately a third of that required for the deployment
(≈ 30N ). This load is a measure of the load bearing capability in the two configurations and it highlights the
beneficial effect of having the higher stiffness while in the deployed configuration. In this case the airfoil will
have an increased camber therefore it will generate higher aerodynamic forces and hence higher structural
loads.

IV.

Concluding remarks

The paper presents a study on the thermal response of multistable composites and shows two possible
applications for the aeronautical sector. First an analytical model of a bi-stable panel with piecewise variation
of the lay-up is presented. The model successfully predicts the qualitative behaviour of the stable shapes but
proved too stiff in terms of displacements. An increase in the number of terms in the function that models
the curvatures could be a solution to issue. If accurate enough, the analytical model could be an alternative
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(a) Deployed configuration

(b) Extended configuration

(c) Alternative configuration 1

(d) Alternative configuration 2

Figure 10. Stable configurations for the variable camber trailing edge

(a) Extended configuration

(b) Deployed configuration

(c) Alternative configuration 1

(d) Alternative configuration 2

Figure 11. Experimental model for the variable camber trailing edge
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L
Displacement

Figure 12. Boundary conditions for the actuation simulation

Start

Figure 13. Load-displacement diagram for variable camber trailing edge
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to finite elements to perform parametric studies. Finite elements are in fact computationally expensive and
time consuming because they require considerable user input to achieve convergence. Nevertheless they
are indispensable to predict the equilibrium configurations of complex structures. A technique to analyse
multistable structures with the commercial software ABAQUST M is presented in the paper. This method is
successfully applied to describe the stable configurations and the elastic response of two applications. The
first one consists of a bi-stable panel that is used as a blended winglet. While in its extended configuration
it is used as a high-lift device that ‘snaps’ into a blended winglet at a given speed. After the transition
into the winglet mode, a reduction in all the aerodynamic forces has been measured during the wind-tunnel
tests, confirming the validity of the concept. It is important to point out that this type of device successfully
demonstrates that it is possible to use the energy from the aerodynamic field to achieve shape adaptability.
The second application is a trailing-edge mounted device aimed at varying the camber of an airfoil by
morphing its shape. This is obtained by embedding unsymmetric patches of composite material in the upper
and lower skin of the trailing-edge resulting in four equilibrium configurations. The paper showed that it is
possible to use thermally induced bi-stable composites to obtain morphing capabilities. The introduction of
one bi-stable patch gives the structure two equilibrium configurations and it is (in principle) possible to obtain
2N configurations by using N bi-stable components. However this may lead to unpredictable interactions
between each stable state therefore care must be exercised when considering multistable structures. There
are nevertheless issues to be solved such as the dependency on the temperature and the effect of the moisture
content.
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